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Abstract

Economic counterfactuals are often learned in pieces. Each experiment can yield
a minimal state on its own policy domain, and overlaps can make the states locally
compatible. A common economic history imposes a further requirement: the com-
patible pieces must admit one global lift. This paper represents local histories and
their declared future responses by a morphism of sheaves. The counterfactual re-
construction theorem identifies the minimal global economy and a connecting map
whose image is the complete obstruction to a global lift. Every valid linear specifica-
tion restriction factors uniquely through this map. Its dimension is the gap between
local and global state counts. A baseline archive can reveal part of the obstruction;
its kernel determines the remaining bridge problem. A downstream counterfactual
selects a canonical target bridge state. Records identify the target precisely when they
carry this state, equivalently when they preserve every finite decision problem whose
payoff depends on the target. The theorem gives a sharp identified set, a necessary
and attainable record count, and the exact amplification of bounded record error.
Across several targets, record requirements form a polymatroid whose intersections
measure information reuse. The residual target spectrum gives exact frontiers for
record counts, normalized measurement noise, and continuous precision budgets.
Singular-value brackets and Gaussian projection inference retain coverage across
rank changes. An Oregon Medicaid application reconstructs approval rates across
separate reports and gives bridge counts zero, one, and four for three declared targets.
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1. Introduction

An empirical literature rarely observes onemodel of an economy. One experiment records
how a household responds to prices and transfers. Another records labor supply under a
different policy menu. Administrative data connect some states across the two settings.
A structural model supplies transition restrictions on another domain. Each source can
support aminimal state for the counterfactuals it sees. The collection still leaves a separate
question: do these local states arise from one economic history?

Agreement on overlaps establishes local compatibility. Global generation asks for a his-
tory whose restriction produces every local state at once. Consider three contexts carrying
coordinates (x, y), (y, z), and (z,x). Pairwise agreement leaves the three-dimensional set
indexed by (x, y, z). A common historymay impose z = x+ y, leaving two dimensions. The
missing coordinate is visible in every local atlas and absent from every globally generated
economy.

The paper places this distinction in a response morphism T : H → Y. The history
sheafH records locally available pasts. The response sheaf Y records the declared future
responses. The image sheaf Z = imT contains the locally minimal response states, and
the kernel sheafK = kerT contains local histories with the same declared responses. Two
operations now compete. Gluing the local minima gives Γ(X,Z). Gluing histories first and
then minimizing gives im Γ(T).

The counterfactual reconstruction theorem identifies the difference through one exact
sequence:

(1) 0Ð→ Γ(K) Ð→ Γ(H) Ð→ Γ(Z) ∂Ð→ H1(K) Ð→ H1(H).

The image of the connecting map ∂ is the reconstruction obstruction. A compatible
collection of locally minimal states has a common global history exactly when its image
under ∂ is zero. The global minimal economy is im Γ(T), and every sufficient global
representation maps onto it. Every valid linear specification restriction factors uniquely
through the same connecting map. Thus ∂ supplies the lift criterion, the minimal state,
and the complete family of linear diagnostics.

The obstruction also organizes measurement design. A fully estimated local atlas
makes its coordinates available as specification restrictions. A fragmented archive may
reveal only a linear image of the obstruction, leaving a missing subspace N. For any linear
counterfactual or welfare target G, the quotient N/(N ∩ kerG) is the target bridge state.
Every identifying record systemmaps onto it. Selected links identifyG preciselywhen their
restrictions span the row space of G∣N , and this condition preserves the value of observing
G in every finite decision problem. The resulting affine image is the sharp identified set.
With unrestricted measurements, rank(G∣N) records attain the bound. Across a portfolio
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of targets, these ranks form a representable polymatroid, so overlap among missing row
spaces measures the exact reuse of bridge records. The norm of the canonical decoder
gives the sharp amplification of bounded record error. Full obstruction recovery uses
dimN records; with a finite technology and record-specific costs, it is a minimum-weight
basis problem. Under a smaller unrestricted budget, the residual target covariance gives
the exact linear decision frontier. The same spectrum gives a closed-form frontier under
homoskedastic uncorrelated noise and allocates a continuous precision budget across
record directions. For a finite atlas, an Euler–Poincaré calculation links the global state
dimension to local states, overlaps, and higher-order assembly terms.

Several mathematical components have established uses elsewhere. Minimal realiza-
tion connects behavioral rank to state dimension (Ho and Kalman 1966; Willems 1986,
2007). Sheaves encode compatible heterogeneous data as global sections (Robinson 2017),
and sheaf cohomology records the failure of global lifting in a short exact sequence (Bre-
don 1997). Contextuality research also uses global-section obstructions for families of
local observations (Abramsky and Brandenburger 2011). Recent work applies sheaf Lapla-
cians and cohomological diagnostics to generative causal models (Wu, Xie, and Li 2026).
Functional observability and goal-oriented and A-optimal design study measurements
chosen for a declared target or posterior risk (Montanari et al. 2022; Zhang, Fernando, and
Darouach 2024; Attia, Alexanderian, and Saibaba 2018; Alexanderian et al. 2016). Compar-
ison of experiments orders information by its value across decision problems (Blackwell
1953). The theorem here derives the missing target from the difference between local
response images and common-history generation. Its universal factorization classifies
the resulting specification restrictions. The relative acquisition result then conditions
measurement choice and its decision value on the information already present in the
archive.

The finite example makes the connecting map explicit as ∂(x, y, z) = z − x − y. An
application to the Oregon Health Insurance Experiment reads outreach, adjudication, and
program reports as local views of one administrative history. A projection result turns
connecting-map coordinates into specification statistics, and rank-boundary confidence
sets retain coverage when record dimensions change. Smooth and global sections state
the regularity conditions under which the same reconstruction survives beyond finite
vector spaces.

2. Local responses and global behavior

Let X be a finite policy-context space or a space equipped with a finite cover. A context can
index an experiment, an administrative regime, a model domain, or an observed policy
menu. LetH and Y be sheaves of finite-dimensional real vector spaces on X. A section of
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H over a context records histories available there. A section of Y records response profiles
over the declared future probes.1

A response morphism

(2) T :H Ð→ Y

maps histories into their future-response profiles and commutes with restriction across
contexts. Define the kernel and image sheaves

(3) K = kerT, Z = imT.

The stalk ofK contains locally silent history directions. The stalk of Z is the target-specific
local response state. Using the sheaf image is consequential: a response state has a local
history lift around every context, while a single lift over all contexts remains an additional
requirement.

Write Γ(A) = Γ(X,A) for global sections. Two spaces follow from the same local
response morphism:

(4) L = Γ(Z), M = im[Γ(H)
Γ(T)
ÐÐÐ→ Γ(Z)] .

The spaceL glues the locally minimal response states. The spaceM contains the response
states produced by one global history. Their quotient

(5) O = L/M, o = dimO,

is the reconstruction obstruction space.
The corresponding global behavior joins a history h ∈ Γ(H) to a linear future probe

f ∈ L∗:

(6) B(h, f ) = f (Γ(T)h) .

A state realization of this behavior is a vector space W and maps q : Γ(H) → W and
g :W → L satisfying Γ(T) = gq. Its reachable part is imq. A realization is minimal when
the reachable state has the smallest dimension among such factorizations.

LEMMA 1 (Behavioral image). The minimal global state dimension is

(7) d⋆ = rank Γ(T) = dimM.
1A history is the common latent record fromwhich the declared response family is generated. Its empirical

content changes with the contexts and future probes included in the response morphism.
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The image M attains the bound. Every realization has a unique response-preserving surjec-
tion from its reachable state ontoM, and this map is an isomorphism exactly for a minimal
realization.

The declared future family enters through Y and T. Enlarging that family replaces
the image sheaf and may retain more history directions. The reconstruction problem
therefore begins after the target has been declared.2

3. A counterfactual atlas

Let N be the nerve of a finite cover of X. Its vertices index policy contexts and its faces
index observed overlaps. For a sheaf A and a p-face σ, write Aσ for the section space on
the corresponding overlap. The degree-p Čech cochain space is

(8) Cp(A) = ⊕
σ∈Np

Aσ.

Restriction maps and an orientation of the nerve define coboundaries δp
A
: Cp(A) →

Cp+1(A) with δ
p+1
A

δ
p
A
= 0.

Assume the cover computes the cohomology ofH,K, andZ, and all groups used below
are finite dimensional. Then

(9) L = H0(Z) = kerδ0Z.

A vector in L assigns a target-specific minimal response state to every local context and
makes those responses agree on every observed overlap.

The response morphism gives the short exact sequence of sheaves

(10) 0Ð→ KÐ→H Ð→ ZÐ→ 0.

Exactness here is local. A section of Z has local history lifts. The existence of one global
lift is determined after applying the global-section functor.

For later use, define

(11) χ(Z) =
q
∑
p=0
(−1)p dimCp(Z), η(Z) =

q
∑
p=1
(−1)p+1 dimHp(Z).

2The image construction follows the minimal-realization lineage in Ho and Kalman (1966); Willems (1986,
2007). It also echoes exact aggregation, where restrictions determine when heterogeneous primitives admit a
common reduced representation (Gorman 1968).
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Euler–Poincaré gives

(12) dimL = χ(Z) + η(Z).

The first term uses local state and overlap dimensions. The second records the higher-
order assembly terms of the response sheaf.

The notation nowmakes the order of operations explicit:

(13) Glue(MinT) = Γ(Z) = L, Min(GlueT) = im Γ(T) =M.

The first expression minimizes responses inside each context and then glues them. The
second glues histories and then takes the response image of the assembled economy.

DEFINITION 1 (Reconstruction diagnostic). A linear map A : L→ Rm is a valid reconstruc-
tion diagnostic whenM ⊆ kerA. It is complete when

(14) kerA =M.

A valid diagnostic records restrictions satisfied by every response state generated by a common
global history. A complete diagnostic separates those states from every remaining compatible
local response.

Diagnostics and measurements are distinct objects. Once a compatible local state
z ∈ L has been estimated, a coordinate of the connecting map is a computable restriction.
Data acquisition enters when the baseline archive reveals only a linear image Pπ(z) of
the obstruction class π(z) ∈ O. A bridge technology is a collection of additional scalar
measurements a j ∈ O∗, with declared costs c j > 0. Linked administrative units, paired
experimental arms, and common simulator seeds can supply such measurements. The
theorem states when a given technology completes the baseline archive and howmany
missing obstruction directions remain.3

4. The counterfactual reconstruction theorem

The local response morphism determines three objects: the glued local minimum L,
the globally generated minimumM, and the obstruction spaceO = L/M. The theorem
identifies all three through the connecting map of (10). For a linear record R :O→ E, a

3Functional observability and goal-oriented design begin from a fixed state or target and select informative
sensors (Montanari et al. 2022; Attia, Alexanderian, and Saibaba 2018). Here the response images and baseline
archive first determine the missing domain on which bridge measurements act.
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finitely supported law µ onO, a finite action set A, and a bounded loss ℓ :W ×A→ R, write

(15) B(R;µ, ℓ) = inf
δ:R(suppµ)→A

Eµ[ℓ(GU,δ(RU))] .

This is the smallest risk attainable from the record when the payoff-relevant state is GU.

THEOREM 1 (Counterfactual reconstruction). Consider a response morphism T :H → Y on
X, withK = kerT and Z = imT. Suppose the cohomology groups below are finite dimensional
and the chosen finite cover computes them. Then:

1. There is a natural exact sequence

(16) 0Ð→ Γ(K) Ð→ Γ(H)
Γ(T)
ÐÐÐ→ L

∂Ð→ H1(K) Ð→ H1(H).

The connecting map induces a canonical isomorphism

(17) O = L/M ≅ im∂ = ker[H1(K) → H1(H)] .

2. A compatible local response z ∈ L is generated by one global history exactly when ∂z = 0.
Hence ∂z is a complete certificate of global-history failure.

3. The spaceM = im Γ(T) is the minimal global state for the behavior (6). Every sufficient
global state has a unique response-preserving surjection ontoM. Minimal global states are
therefore unique up to a linear isomorphism.

4. The following statements are equivalent:

(a) local minimization and global gluing commute, Glue(MinT) =Min(GlueT);
(b) every compatible collection of locally minimal responses has a global history lift;

(c) O = 0;
(d) ∂ = 0;
(e) the map H1(K) → H1(H) is injective.

5. The minimal global state dimension satisfies the reconstruction identity

(18) d⋆ = dimM = χ(Z) + η(Z) − o, o = dimO.

6. Let V be any finite-dimensional vector space. Composition with the quotient map π : L→O

and the isomorphism in (17) gives natural bijections

(19) {A : L→ V :M ⊆ kerA} ≅ Hom(O,V) ≅ Hom(im∂,V).
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Hence every valid linear reconstruction diagnostic factors uniquely through ∂. It is complete
exactly when the induced map on im∂ is injective. In particular,

(20) min{m : a complete m-coordinate diagnostic exists} = o.

7. Let P :O→ D collect the obstruction information already carried by a baseline archive, let
N = kerP, and let G :O→W be a declared linear counterfactual or welfare target. Consider
a finite bridge technology A = {a1, . . . ,aJ} ⊂O∗. For S ⊆ {1, . . . , J}, write ASu = (a j(u)) j∈S
and RS = (P,AS). The following statements are equivalent:

(a) G is identified from the selected archive: RSu = RSu′ implies Gu = Gu′;
(b) kerRS ⊆ kerG;
(c) G = CSRS for a linear decoder CS;
(d)

(21) im((G∣N)∗) ⊆ span{a j ∣N : j ∈ S} ⊆ N∗.

(e) for every finitely supported µ, finite A, and bounded ℓ,

(22) B(RS;µ, ℓ) =B(G;µ, ℓ).

For an observed record RSu, the sharp identified set is the affine space

(23) Gu + G(kerRS).

Under unrestricted scalar measurements, the minimum number of additional records that
identifies G is

(24) rG(P) = rank(G∣N).

This count is the dimension of the canonical target bridge state

(25) QG,P := N/(N ∩ kerG) ≅ G(N).

Every identifying augmentation A : N → E induces a unique response-preserving surjection
imA → QG,P. Hence QG,P is the minimal state carried by any archive augmentation that
preserves the declared target. For full obstruction recovery, G = IO, this count is q = dimN
and condition (21) becomes span{a j ∣N : j ∈ S} = N∗. When the dictionary spans N∗, a
minimum-cost exact design under positive record costs is a minimum-weight basis of the
restricted vector matroid. The increasing-cost greedy algorithm attains it.
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8. EquipO, the record space ES of RS, and W with inner products. Suppose the selected archive
is observed with an error e satisfying ∥e∥ ≤ ε, while u ranges over O. The sharp minimax
target error is

(26) inf
δ:ES→W

sup
u∈O
∥e∥≤ε

∥Gu − δ(RSu + e)∥ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

ε∥GR†S∥op, kerRS ⊆ kerG,
+∞, kerRS ⊈ kerG,

where R†S is the Moore–Penrose inverse. In the finite case, the decoder δ
⋆(y) = GR†S y attains

the bound. Thus ∥GR†S∥op is the exact stability price of the selected archive.

9. EquipW with an inner product and let U be a centered square-integrable random obstruction.
Write ṼG,P for the residual from the best linear prediction of GU using PU, and let λ1(G,P) ≥
⋯ ≥ λdimW (G,P) ≥ 0 be its covariance eigenvalues. If at most m unrestricted scalar bridge
records may be added to the baseline archive, then

(27) R⋆m(G,P) := inf
B:O→Rm

C0:D→W , C1:Rm→W

E∥GU − C0PU − C1BU∥2 = ∑
j>m

λ j(G,P).

Records equal to the first m principal coordinates of ṼG,P attain the bound. If the baseline
archive already identifies G, all residual eigenvalues vanish. If it reveals no obstruction
coordinate and G = IO, the exact count is o, which gives the unconditional diagnostic
dimension in (20).

10. Let ŨP be the residual from the best linear prediction of U using PU, and let ΣP = Cov(ŨP).
Suppose the added record is

(28) YB = BU + ε, Eε = 0, Cov(ε) = σ2Im, Cov(ε,U) = 0,

and impose the signal normalization BΣPB∗ = Im. For m ≤ rankΣP, the minimum best-
linear risk is

R⋆m,σ(G,P) := inf
BΣPB∗=Im

C0:D→W , C1:Rm→W

E∥GU − C0PU − C1YB∥2(29)

= ∑
j
λ j(G,P) −

1
1 + σ2

m
∑
j=1

λ j(G,P)(30)

= ∑
j>m

λ j(G,P) +
σ2

1 + σ2
m
∑
j=1

λ j(G,P),(31)
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where the eigenvalue sequence is padded by zeros. A normalized record aligned with the first
m eigen-directions attains the bound. Thus observation noise discounts the value of each
selected direction by the common factor (1 + σ2)−1, and (27) is the case σ2 = 0.

The theorem gives the obstruction a common role across theory, testing, and acquisi-
tion. It is the cokernel of global response generation, the image of the connecting map,
the exact state-dimension loss, the universal domain of every valid linear diagnostic, and
the missing state in the acquisition problem. The relative formulation matters empirically.
A fully estimated local atlas makes the obstruction diagnostic computable. A fragmented
archive can leave a subspace N that linked observations must recover.4

The connecting map is constructive on a finite cover. Given z ∈ L, choose a local
history lift on every context. Their differences on overlaps lie inK and form a one-cocycle.
Changing the local lifts changes that cocycle by a coboundary. Its cohomology class is ∂z.
The class vanishes precisely when the local lifts can be adjusted to agree as one global
history.5

COROLLARY 1 (Acyclic-history form). If H1(H) = 0, then

(32) O ≅ H1(K).

Global reconstruction holds exactly when H1(K) = 0. If the baseline archive reveals no obstruc-
tion coordinate, the number of additional scalar measurements required for exact recovery is
dimH1(K).

COROLLARY 2 (Value of bridge information). Suppose a planner chooses a linear estimate
V̂ of GU after observing the baseline archive and at most m additional scalar records, with loss
∥GU − V̂∥2. With noiseless records, the smallest expected loss is R⋆m(G,P), the value of the first m
records is ∑mj=1 λ j(G,P), and the marginal value of record m is λm(G,P). Under (28) and the
signal normalization, these two values become

(33)
1

1 + σ2
m
∑
j=1

λ j(G,P) and
λm(G,P)
1 + σ2

.

COROLLARY 3 (Precision allocation). Let q = rankΣP, pad {λ j(G,P)} to length q, and let a
planner choose residual-signal-orthonormal directions b1, . . . , bq together with precisions τ j ≥ 0.

4The count rG(P) allows unrestricted noiseless scalar records. A constrained measurement dictionary
can require more coordinates or leave the target partially identified; condition (21) gives the corresponding
criterion.

5The decision-sufficiency equivalence uses finite action sets because a two-state, two-action loss already
separates any target variation left inside a record fiber. Extensions to general action spaces add the corre-
sponding measurability and attainment conditions.
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The added records are

(34) Z j =
√
τ j b jU + ε j, biΣPb

∗
j = 1{i = j}, Cov(ε) = Iq, Cov(ε,U) = 0.

Under the budget∑ j τ j ≤ b, the minimum best-linear risk is

(35) R⋆(b;G,P) = min
τ j≥0
∑ j τ j≤b

q
∑
j=1

λ j(G,P)
1 + τ j

=
q
∑
j=1

λ j(G,P)
1 + τ⋆j (b)

.

For b > 0 and λ1(G,P) > 0, the allocation is

(36) τ⋆j (b) =
⎛
⎜
⎝

¿
ÁÁÀλ j(G,P)

ν(b) − 1
⎞
⎟
⎠+

,
q
∑
j=1

⎛
⎜
⎝

¿
ÁÁÀλ j(G,P)

ν(b) − 1
⎞
⎟
⎠+
= b.

The records follow the residual target eigen-directions, an eigen-direction receives positive preci-
sion when λ j(G,P) > ν(b), and ν(b) is the marginal value of the precision budget.

COROLLARY 4 (Archive refinement). Let P1 : O → D1 and P2 : O → D2 be two baseline
archives for the same target G, and suppose P1 = HP2 for a linear map H. Then, for every u ∈O
and every record budget m,

(37) Gu + G(kerP2) ⊆ Gu + G(kerP1), rG(P2) ≤ rG(P1), R⋆m(G,P2) ≤ R⋆m(G,P1).

For every additional record map A :O→ E, finitely supported µ, finite action set A, and bounded
loss ℓ,

(38) B((P2,A);µ, ℓ) ≤B((P1,A);µ, ℓ).

COROLLARY 5 (Target ordering). Suppose two declared future families induce response mor-
phisms with global minimal statesM1 andM2, and the first family is obtained by restricting the
second. Then there is a canonical surjectionM2 →M1, so dimM1 ≤ dimM2.

COROLLARY 6 (A portfolio of counterfactual targets). Fix a baseline archive P and let
Gi : O → Wi, i ∈ I, be a finite family of counterfactual or welfare targets. For S ⊆ I, let
GS = (Gi)i∈S and define ρP(S) = rGS(P). Then

(39) ρP(S) = dim∑
i∈S
im((Gi∣N)∗) , N = kerP.

The set function ρP is normalized, increasing, and submodular. In particular,

(40) ρP(S) + ρP(T) ≥ ρP(S ∪ T) + ρP(S ∩ T).
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If i ∉ S and US = ∑ j∈S im((G j ∣N)∗), the new record dimension contributed by target i is

(41) ρP(S ∪ {i}) − ρP(S) = dim im((Gi∣N)∗) − dim(im((Gi∣N)∗) ∩US) .

Thus the same bridge coordinate can serve several downstream decisions, and the overlap of their
missing row spaces gives the exact reuse.

The target-ordering result follows from response restriction. The portfolio result
applies the same quotient construction to a stacked target and shows how a common
archive serves several future questions. The descent obstruction can move in either
direction when the target family changes because both the image sheaf and its kernel
sheaf change. The acquisition problem is therefore posed after the future family and the
baseline archive have been declared.

5. Three local economies

5.1. A finite cycle

Three policy contexts report the locally minimal response states

(42) X1 = (x, y), X2 = (y, z), X3 = (z,x).

Stack them as v = (x1, y1, y2, z2, z3,x3)⊺ ∈ R6. Pairwise agreement is Dv = 0, where

(43) D =
⎛
⎜⎜⎜⎜
⎝

0 1 −1 0 0 0

0 0 0 1 −1 0

−1 0 0 0 0 1

⎞
⎟⎟⎟⎟
⎠
.

The matrix has rank three. Hence the glued local minimum L = kerD has dimension
three and is indexed by (x, y, z). Each local two-coordinate projection is free, so pairwise
agreement preserves every local state.

A common global history has coordinates h = (u, v) ∈ R2 and produces

(44) Qh = (u v v u + v u + v u)
⊺
.

Thus DQ = 0, rankQ = 2, and the globally generated states satisfy

(45) z = x + y.

Every local context remains two dimensional because (u, v), (v,u + v), and (u + v,u) each
give invertible coordinates for the common history.
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In the cochain representation of the short exact sequence, the connecting map is

(46) ∂ : L→ R, ∂(x, y, z) = z − x − y.

Its kernel isM = imQ, its image is one dimensional, and

(47) O ≅ R, o = 1, d⋆ = dimL − o = 2.

The scalar in (46) is a complete reconstruction diagnostic. If the three local coordinates
are jointly estimated, it is computed directly and the baseline map onO is the identity.
The diagnostic then requires no new observation. If the baseline archive contains only
separate context records and carries no unit-level obstruction information, P = 0 and
N =O. One linked scalar measurement proportional to z − x − y completes the archive;
every scalar measurement orthogonal to this direction leaves the obstruction unresolved.

The relative formulation also separates available and useful links. Suppose an institu-
tion can collect candidate scalar records a j(u) = α ju at costs c j. For a downstream welfare
gap G(u) = γu, the baseline identifies the gap when γ = 0. When γ ≠ 0, one record with
α j ≠ 0 is necessary and sufficient, and the minimum-cost design selects the cheapest such
record. With a centered population obstruction of variance λ, a quadratic decision loses
γ2λ before linkage and zero after that record. Thus the state gap, the test restriction, and
the value of linkage all use the same one-dimensional class while remaining different
empirical operations.

The example separates pairwise compatibility from generation by one history. Every
chart is locally minimal, every overlap agrees, and the cycle carries one response direc-
tion unsupported by the common economy. The connecting class records that direction
directly.

Changing the declared future family changes the image sheaf before the theorem is
applied. If the future uses only (x, y), the target-specific local image discards z and the
obstruction vanishes. The comparison shows why local minimality and bridge complexity
are both defined relative to the declared responses.

5.2. An OregonMedicaid application

The Oregon Health Insurance Experiment offered lottery-selected low-income adults an
opportunity to apply for Medicaid (Finkelstein et al. 2012). Its public-use records link the
invitation, application, and adjudication stages (National Bureau of Economic Research
2026). Let ng, kg, and rg denote invited people, submitted applications, and approvals in
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TABLE 1. Three administrative reports and the reconstruction defect

Reception group Application
Approval given
application

Approval after
invitation

Log defect
95% interval

English, phone 62.5 49.8 31.0 -0.4 [-7.0, 6.3]
English, no phone 50.5 48.0 27.0 11.0 [-7.6, 29.6]
Other language, phone 63.5 40.1 21.1 -18.9 [-45.6, 7.8]
Other language, no phone 62.4 49.0 27.0 -12.3 [-95.0, 70.4]

Notes. Rates are percentages. A stable household hash assigns outreach, adjudication, andprogramreporting
to three disjoint extracts within the eight lottery draws. The log defect is logdg − logag − log bg. Intervals use
a household bootstrap within draw and extract and one simultaneous max-t critical value across the four
reception groups.

reception group g. The three stage probabilities are

(48)

ag = Pr(application ∣ invitation, g),
bg = Pr(approval ∣ application, g),
dg = Pr(approval ∣ invitation, g).

A common administrative history gives dg = agbg. In log coordinates, (xg, yg, zg) =
(logag, logbg, logdg), its reconstruction obstruction is

(49) δg = zg − xg − yg.

The outreach report supplies ag, the adjudication report supplies bg, and the program
report supplies dg. Equation (49) asks whether these locally valid reports can be read as
extracts from one linked production system.

The application uses 29,799 people in 24,901 households across eight lottery draws.
Reception groups combine the language requested for mailed material and phone avail-
ability at lottery signup. A stable household hash assigns the linked source records to
three disjoint extracts within each draw. Each extract supplies one of the reports in (48).
This split makes the reconstruction restriction an empirical comparison across records
drawn from the same institutional population. Inference resamples households within
draw and extract. One max-t critical value covers the four group defects jointly.6

The aggregate direct approval rate is 29.59 percent. The product of the separately
estimated application and adjudication rates is 29.75 percent, a gap of −0.16 percentage
point with a bootstrap interval of [−1.58, 1.26]. The joint statistic for (δ1, . . . ,δ4) is 5.34 on
four degrees of freedom, with p = 0.254. Every simultaneous group interval contains zero.

6The split is an analysis design applied to linked public-use records. It evaluates whether separate ad-
ministrative reports reconstruct the same approval process. The randomized causal interpretation in this
application is reserved for the lottery effect on enrollment.
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TABLE 2. Targets select different bridge records

Target Estimate rG(P) Bridge state

Lottery effect on enrollment 25.6 [24.9, 26.3] 0 Retained experiment
Approval after invitation, population 29.2 [28.6, 29.8] 1 Weighted application score
Approval after invitation, four groups 23.3–30.4 4 {4} Four application scores

Notes. The evaluated archive retains the lottery–enrollment experiment and group conditional approval
reports. Applicant totals and invitation–application links remain upstream. The first estimate is the lottery-
selection coefficient from a linear probability model with lottery-draw and household-size fixed effects; its
interval clusters by household. The other intervals resample households within lottery draw. Braces report
the simultaneous 95% confidence set for the four-group record count. The first estimate is in percentage
points; the remaining estimates are percentages.

Repeating the hash assignment over 100 prespecified seeds places the fifth and ninety-fifth
percentiles of the aggregate gap at −1.10 and 1.26 percentage points.

The linked source also permits a target-specific archive exercise. Consider an evaluated
release that carries the lottery–enrollment experiment and four conditional approval
rates and keeps applicant totals and invitation–application links upstream. The minimum
bridge count is zero for the lottery effect on enrollment because its experiment remains
in the archive. Population approval after invitation uses one weighted application-score
direction. The four group approval probabilities use four directions. Household-clustered
and household-bootstrap intervals give the record-count confidence set {4} for the group
portfolio.

The target therefore chooses the bridge state. The same reporting handoff yields record
counts zero, one, and four for three downstream questions. This is the portfolio rank in
Corollary 6 expressed in administrative reporting units. The exercise evaluates a declared
release on linked public records and records the information carried by that release.
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FIGURE 1. Reconstructing approval across administrative reports
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Notes. Panel A compares the program extract’s approval-after-invitation rate with the product of application
and conditional-approval rates from the other two extracts. Bars are pointwise household-bootstrap 95%
intervals. Panel B reports 100δg with simultaneous 95%max-t intervals. A stable hash assigns households to
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6. Testing reconstruction and choosing links

The connecting map turns global reconstruction into a set of linear restrictions. Choose
coordinates on im∂ and write the resulting complete diagnostic as A⋆ : L → Ro. By
Theorem 1,

(50) M = kerA⋆, rankA⋆ = o.

Let ẑ ∈ L estimate a compatible collection of local response states. Suppose

(51)
√
n(ẑ − z0) ⇒ N(0,Σ),

where Σ is positive definite on L. DefineΩ = A⋆ΣA⋆⊺.

PROPOSITION 1 (Reconstruction test). If z0 ∈M andΩ is nonsingular, then

(52) n(A⋆ẑ)⊺Ω̂−1(A⋆ẑ) ⇒ χ2o

for every consistent estimator Ω̂ ofΩ. The degrees of freedom equal the dimension of a complete
reconstruction diagnostic.

The statistic evaluates the same object that appears in the population theorem. Its
coordinates can be changed by any nonsingular transformation without changing the test.
In the three-context economy, A⋆ẑ = ẑ − x̂ − ŷ, so the single reconstruction obstruction
yields a one-degree-of-freedom statistic. This test uses an estimated compatible atlas.
When the archive reveals only Pπ(z), the missing subspace N = kerP governs additional
linkage, and the dictionary condition in (21) determines whether the available links can
complete it.7

Raw local estimates may also violate within-context or overlap restrictions. Let V
contain the stacked raw estimates, let L ⊆ V impose local and overlap compatibility, and
embedM ⊆ L. For a positive definite weight matrixW , the nested projection identity is

(53) v̂ = PWMv̂ + (P
W
L − P

W
M)v̂ + (I − P

W
L )v̂.

The last term records local or overlap disagreement. The middle term records the globally
unresolved response class. Under a Gaussian limit with W = Σ−1 and fixed subspaces,
the two squared norms are independent chi-square variables with degrees of freedom
dimV − dimL and o.

7For a fixed diagnostic rank, the statistic is the usual Wald quadratic form; the moment-based asymptotic
framework follows Hansen (1982). The rank-boundary result below treats the case in which the diagnostic
dimension itself changes.
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Rank selection adds a separate layer.When the rank of the responsemorphism, archive
map, or target restriction changes, the obstruction and record dimensions change with it.
Rank testing is irregular at such boundaries (Chen and Fang 2019), and local approaches
to identification failure lead to weakly regular targets (Kaji 2021). The next result separates
the discontinuous exact rank from two objects that retain uniform coverage.

PROPOSITION 2 (Inference at a rank boundary). Let A be a p×q matrix and m =min{p, q}.

1. In the Gaussian rank experiment Ân = A + n−1/2Z, where vecZ ∼ N(0, I), take a rank-r < m
matrix A0 and unit vectors u ∈ kerA∗0 and v ∈ kerA0. For h > 0, let An,h = A0 + hn−1/2uv∗.
Every rank estimator r̂n satisfies

(54) Pr
A0
(̂rn ≠ r) + Pr

An,h
(̂rn ≠ r + 1) ≥ 2{1 −Φ(h/2)}.

Hence exact rank has no uniformly consistent estimator on neighborhoods containing n−1/2

rank changes.

2. Suppose an estimator and a random radius satisfy

(55) inf
A∈An

Pr
A
(∥Â −A∥op ≤ cn) ≥ 1 − α − o(1).

For τ ≥ 0, define the effective rank rτ(A) = #{ j : σ j(A) > τ} and

rn,τ = #{ j : σ j(Â) > τ + cn},(56)

rn,τ = #{ j : σ j(Â) ≥max{τ − cn, 0}}.(57)

Then, simultaneously for every τ ≥ 0,

(58) inf
A∈An

Pr
A
(rn,τ ≤ rτ(A) ≤ rn,τ for every τ ≥ 0) ≥ 1 −α − o(1).

3. Let θ collect the finite-dimensional primitives that determine an archive fiber and its sharp
target set IG(θ), and let Cn be a confidence region satisfying infθ∈Θn Prθ(θ ∈ Cn) ≥ 1−α−o(1).
The projection set

(59) CG,n = ⋃
ϑ∈Cn

IG(ϑ)

covers the true sharp target set uniformly over Θn. If Θrec denotes the primitives that admit
global reconstruction, the test that rejects when Cn ∩Θrec = ∅ has uniform asymptotic size
at most α.
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Part 1 locates the discontinuity. At τ = 0, the upper endpoint in (56) may include all
m directions, reflecting the information available near a zero singular value. Positive τ
yields an honest statement about directions whose response exceeds a declared economic
resolution. The projection set carries every rank admitted by the primitive confidence
region into the final counterfactual. It therefore supplies the inference layer for the
identified set in (23) while allowing the archive and target ranks to vary.

COROLLARY 7 (Gaussian critical values and projection). Suppose first that Â = A+σn−1/2Z,
where vecZ ∼ N(0, Ipq) and σ is known. Let qp,q(1−α) be the (1−α) quantile of ∥Z∥op and set

(60) cn,α =
σqp,q(1 −α)√

n
.

The brackets in (56) then cover rτ(A) simultaneously for every τ ≥ 0with probability at least 1−α
in finite samples. The quantile depends only on (p, q,α) and can be simulated before observing
Â.

Suppose next that θ̂ ∼ Nd(θ,V/n) with known positive definite V. With χ2d,1−α denoting the
corresponding chi-square quantile, define

(61) Cn,α = {ϑ : n(θ̂ − ϑ)⊺V−1(θ̂ − ϑ) ≤ χ2d,1−α} .

Using Cn,α in (59) gives finite-sample coverage at least 1 − α for the sharp target set and a
reconstruction test with size at most α. If V is estimated and the studentized quadratic form has
a uniform chi-square limit, the same conclusions hold asymptotically.

This implementation leaves the discontinuous rank inside the confidence region. The
reported output can include the effective-rank bracket, the union of target sets over the
ellipsoid, and the reconstruction decision from the same primitive region. Monte Carlo
evaluation in the replication files uses independent draws for the operator-norm quantile
and the coverage calculation.

7. Regular extensions

Smooth local reconstruction. Let L be a manifold of compatible locally minimal response
states near z, and let Q : H → L map a common history into its assembled response.
SupposeQhas constant ranknear hwithQ(h) = z. Let the derivatives of the local restriction
maps form a finite tangent complex Ch whose zeroth cohomology is TzL. Define the
tangent obstruction dimension

(62) oh = dimTzL − rankDQh.
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PROPOSITION 3 (Smooth reconstruction at a regular history). Under the stated constant-
rank and tangent-complex conditions, the smallest local state dimension through which the
response germ Q factors is

(63) dh = rankDQh = χ(Ch) + η(Ch) − oh.

If Q(H) is locally the zero set of a smooth constant-rank representative of the connectingmap, then
its derivative has kernel imDQh and rank oh. The derivative therefore gives a locally minimal
reconstruction diagnostic.

The constant-rank conditions supply coordinates in which the response uses dh state
coordinates and the obstruction uses oh transverse coordinates. At a rank change, one
chart ceases to describe the state dimension. Nonlinear realization theory studies related
regularity and uniqueness questions (Sussmann 1976; Gauthier and Bornard 1982).

Global regular reconstruction. A local rank calculation supplies a state count around one
history. A global state requires the response equivalence classes to form one smooth
quotient. Let R be a connected history manifold and let T : R → Y collect the declared
future responses. Define

(64) ET = {(r, r′) ∈ R × R : T(r) = T(r′)}.

A regular global reconstruction is a Hausdorff smoothmanifold Z, a surjective submersion
π : R→ Z, and an injective immersion g : Z → Y satisfying T = gπ.

PROPOSITION 4 (Global regular reconstruction). Suppose T has constant rank. A regular
global reconstruction exists exactly when ET is a closed embedded submanifold of R × R and the
first projection ET → R is a submersion. When it exists, the quotient

(65) ZT = R/ET

is a Hausdorff smooth manifold, supplies a minimal smooth realization of T, and is unique up
to diffeomorphism among regular global reconstructions. Its dimension is

(66) dimZT = rankDT = dimR − dimker(DT∣TR).

The condition on ET is the quotient-manifold criterion of Godement (2017). Singular
fiber dimensions can break the submersion condition. Nonclosed equivalence relations
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can break Hausdorff separation. The theorem locates both boundaries in the response
equivalence relation.8

Stochastic behavior. When local responses are distributions or conditional laws, charac-
teristic functions, score operators, or decision losses can form the response sheaf. Equality
of means gives one image sheaf and equality of laws gives another. The descent sequence
then records which locally coherent distributional responses admit one global stochastic
history.

8. Conclusion

Fragmented evidence can supply a minimal response state in every policy context and a
compatible state on every overlap. A common economic history imposes a global lifting
requirement. The counterfactual reconstruction theorem places that requirement in
the connecting map ∂. Its kernel is the globally generated economy. Its image is the
reconstruction obstruction. Its rank is the exact state-dimension gap and the dimension
of a complete linear diagnostic.

The theorem therefore turns the reconstruction problem into one object. It determines
whether the local responses form one economy, constructs the minimal economy in the
feasible cases, measures the missing information in the remaining cases, and classifies
every valid linear diagnostic. After the baseline archive is declared, its unobserved ob-
struction subspace determines the acquisition task. Each downstream counterfactual
selects a canonical quotient inside that subspace, which gives its sharp identified set, its
exact record count, the records that preserve every finite decision problem based on the
target, and the exact amplification of bounded record error. A portfolio of counterfactuals
yields a polymatroid of record requirements; its intersections measure which acquired
coordinates can serve several decisions. Full reconstruction reduces to a spanning design.
The residual target spectrum prices smaller budgets under quadratic loss, shows how
normalized measurement noise discounts each acquired direction, and allocates continu-
ous measurement precision by its shadow value. Singular-value brackets and Gaussian
primitive projection sets provide inference across rank changes. The Oregon application
shows how the obstruction becomes a comparison among reports produced at successive
administrative stages and how the declared target changes the bridge count from zero to
one to four. The finite atlas gives a computable cochain representation. The smooth and
global results describe the regular settings in which the same state survives beyond linear
coordinates.

8Closedness gives the separation property needed for a Hausdorff quotient, while the embedded-
submanifold and submersion conditions give compatible smooth charts on the equivalence classes and
their quotient.
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Appendix A. Proofs

PROOF OF LEMMA 1. Let τ = Γ(T). Every factorization τ = gq satisfies rankτ ≤ dim im q.
The factorization throughM = imτ attains equality. For a general factorization, define
π : imq →M by π(qh) = τh. If qh = qh′, then τh = gqh = gqh′ = τh′, so π is well defined. It
is linear, surjective, response preserving, and fixed on every reachable element, which
gives uniqueness. It is an isomorphism exactly when the reachable state has dimension
rankτ.

PROOF OF THEOREM 1. The kernel and sheaf image of T give the short exact sequence
(10). Applying the derived global-section functors gives the long exact cohomology se-
quence. Its first terms are (16). Exactness at L and H1(K) gives

(A1) ker∂ = im Γ(T) =M, im∂ = ker[H1(K) → H1(H)] .

The first isomorphism theorem applied to ∂ yields (17). It also gives z ∈M exactly when
∂z = 0.

Lemma 1 identifiesM as the minimal global state and supplies its universal property.
The equality L =M is equivalent toO = 0. The obstruction is zero exactly when im∂ = 0,
which is equivalent to ∂ = 0 and, by exactness, to injectivity of H1(K) → H1(H). These
equivalences prove part 4.

Rank–nullity for ∂ gives dimM = dimL − o. Euler–Poincaré and (11) give dimL =
χ(Z) + η(Z), proving (18).

Let π : L → O be the quotient map. A linear map A : L → V vanishes onM exactly
when the universal property of the quotient supplies a unique map Ā :O→ V with A = Āπ.
Exactness makes the induced map ∂̄ : O → im∂ an isomorphism. Substituting π = ∂̄−1∂
gives the two natural bijections in (19). A valid diagnostic is complete exactly when Ā is
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injective. Hence a complete A : L→ Rm hasm ≥ o. Choosing a coordinate isomorphism
J : im∂→ Ro gives A⋆ = J∂ with kernelM, proving (20).

Fix a baseline map P :O→ D, a selected set S, and write RS = (P,AS). The implication
from identification to the kernel inclusion follows by applying identification to u and u+ k
for k ∈ kerRS. Conversely, the kernel inclusion makes the rule CS(RSu) = Gu well defined
on imRS; extend it linearly to the codomain of RS. This proves the equivalence of the first
three statements. Since kerRS = ker(AS∣N), finite-dimensional duality gives

(A2) ker(AS∣N) ⊆ ker(G∣N) ⇐⇒ im((G∣N)∗) ⊆ im((AS∣N)∗) .

The last image is span{a j ∣N : j ∈ S}, proving (21). The fiber of RS through u is u + kerRS,
whose image under G is (23).

IfG = CSRS, a decision rule based onGU can be implemented fromRSU by composition
with CS. Observing GU already reveals the payoff-relevant state, so the two observations
give the same minimum risk for every µ, A, and ℓ. Conversely, suppose identification fails.
There are u0,u1 ∈O with RSu0 = RSu1 and Gu0 ≠ Gu1. Place probability one half on each
point, take two actions, and assign loss zero when action i is chosen at target Gui and loss
one for the other action. Observing G gives risk zero. The selected archive gives the same
record at both points, so its minimum risk is one half. Thus (22) is equivalent to the first
four conditions.

Every identifying design has rank(AS∣N) ≥ rank(G∣N), so it uses at least rG(P) scalar
records. Choose a basis of im((G∣N)∗) ⊆ N∗ and extend its elements from N to O. The
common kernel of these rG(P)measurements on N is ker(G∣N), so they identify G and
prove (24). The first isomorphism theorem gives (25). For any identifying augmentation
A : N → E, defineφA : imA→ QG,P byφA(An) = [n]. The kernel inclusion makes this map
well defined, and every class has a preimage. Its action on each reachable record fixes it
uniquely. The map [n] ↦ Gn embeds QG,P intoW , so φA preserves the target response.
This proves the minimal-state claim. For G = IO, identification requires the selected
restrictions to span N∗. A spanning family contains a basis of q = dimN elements, while
fewer than q functionals have a nonzero common kernel. With positive costs, every exact
design contains a basis whose cost is weakly smaller. The independent subsets of {a j ∣N}
form a vector matroid, and the greedy basis theorem shows that sorting by increasing cost
and adding a functional whenever it raises the span produces a minimum-weight basis.

For the deterministic error claim, suppose first that kerRS ⊈ kerG. Choose k ∈ kerRS
with Gk ≠ 0. The states tk and −tk yield the same record at zero error and targets separated
by 2t∥Gk∥, so the minimax error diverges with t. Now suppose kerRS ⊆ kerG. The map
C0(RSu) = Gu is well defined on imRS, and its zero extension to (imRS)⊥ is C0 = GR†S. The
decoder C0 y has error ∥C0e∥ ≤ ε∥C0∥op. For the reverse inequality, choose a unit v ∈ imRS
approaching a maximizing right singular vector of C0. At the common observation zero,
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the two admissible state–error pairs u± = ±εR†Sv and e± = ∓εv have targets ±εC0v. Every
decoder incurs error at least ε∥C0v∥ at one of these pairs. Taking the supremum over v
proves (26).

For the noiseless stochastic frontier, let ÛP be the orthogonal projection of the random
vector U in L2 onto the finite-dimensional space of linear functions of PU, and set ŨP =
U − ÛP. Linearity of orthogonal projection gives ṼG,P = GŨP. The random vector PŨP
is both linear in PU and orthogonal to every linear function of PU, so it is zero almost
surely. For any additional encoder B, the component BÛP is already a linear function of
the baseline record. The incremental record is therefore BŨP. Every encoder–decoder
pair gives a rank-at-most-m linear approximation C1BŨP toGŨP, and every rank-at-most-m
linear approximation of this form admits such a factorization. The principal-component
approximation theorem (Eckart and Young 1936) gives the covariance eigenvalue tail as a
lower bound. It is attained by taking the records to be the firstm principal coordinates of
GŨP, each of which is a linear functional ofU after a baseline-measurable term is removed.
This proves (27).

For the noisy-record claim, set X = ŨP and ΣP = Cov(X). Conditional linear projection
on the baseline removes BÛP from YB, leaving BX + ε. The signal normalization and the
orthogonality of ε give

(A3) Cov(BX + ε) = (1 + σ2)Im, Cov(GX,BX + ε) = GΣPB∗.

The best linear decoder therefore has risk

(A4) tr(GΣPG∗) −
1

1 + σ2
tr(GΣPB∗BΣPG∗).

Choose coordinates on O and write C = BΣ1/2P . The normalization becomes CC∗ = Im,
while the second trace in (A4) is

(A5) tr(CΣ1/2P G∗GΣ1/2P C∗) .

Ky Fan’s maximum principle makes its largest value the sum of the firstm eigenvalues of
Σ
1/2
P G∗GΣ1/2P . Its positive eigenvalues equal those of GΣPG∗ = Cov(ṼG,P). Rows along the

leading eigenvectors attain themaximum; directions in rangeΣP complete the normalized
record when zero eigenvalues are selected. Substitution into (A4) proves (29).

PROOF OF COROLLARY 1. If H1(H) = 0, then the map from H1(K) in (16) has zero
codomain. Equation (17) therefore givesO ≅ H1(K). The remaining claims follow from
parts 4 and 7 of Theorem 1.
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PROOF OF COROLLARY 2. The decision rule is a linear decoder of the baseline and
additional records, so its minimum expected loss is the optimization in (27). With zero
added records the loss is the sum of all eigenvalues of the residual target covariance.
Subtracting the loss at budget m gives ∑mj=1 λ j(G,P), and the increment from m − 1 to
m is λm(G,P). Under normalized noisy records, subtracting (29) from the zero-record
loss gives the first expression in (33). Taking the increment from m − 1 to m gives the
second.

PROOF OF COROLLARY 3. Residualize on the baseline archive as in the proof of Theo-
rem 1. For fixed precisions, the best-linear risk reduction contributed by the normalized
directions is a weighted sum of Rayleigh quotients with weights τ j/(1 + τ j). The weighted
Ky Fan inequality pairs the largest weight with the largest eigenvalue of the residual target
covariance. Relabeling the precisions therefore gives the objective in (35). The objective
is convex in τ and decreases along every coordinate with positive λ j. The Karush–Kuhn–
Tucker conditions for an active coordinate give

(A6)
λ j(G,P)
(1 + τ j)2

= ν.

Complementary slackness gives (36); its left side is continuous and strictly decreasing in ν

on the relevant interval, so the budget determines ν(b). The envelope theorem identifies
ν(b) as the reduction in optimized risk from one additional unit of precision.

PROOF OF COROLLARY 4. The factorization P1 = HP2 gives kerP2 ⊆ kerP1. Applying
G gives the identified-set inclusion, and restricting G to the two nested kernels gives
rank(G∣kerP2) ≤ rank(G∣kerP1). Every linear decoder that uses P1U andm added records
can be implemented from P2U and the same records by composing its baseline coefficient
withH. The feasible decision rules under P1 are therefore contained in those under P2,
which gives the risk inequality. For an arbitrary added record A, every rule δ(P1U,AU)
can be implemented as δ(HP2U,AU). Taking the infimum over rules gives (38).

PROOF OF COROLLARY 5. Let P restrict the larger response profile to the smaller future
family. The global response operators satisfy Γ(T1) = PΓ(T2). Hence P(M2) = M1. The
restriction of P toM2 is surjective, and the dimension inequality follows.

PROOF OF COROLLARY 6. The adjoint of the stacked restriction has image

(A7) im((GS∣N)∗) = ∑
i∈S
im((Gi∣N)∗).

The record-count formula in Theorem 1 therefore gives (39). Normalization and mono-
tonicity follow from the empty sum and inclusion of row spaces. Write US = im((GS∣N)∗).
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The dimension identity

(A8) dimUS + dimUT = dim(US +UT) + dim(US ∩UT)

and the inclusion US∩T ⊆ US ∩UT give (40). Finally, US∪{i} = US + im((Gi∣N)∗). Applying
the same dimension identity gives (41).

THREE-CONTEXT ECONOMY. The three rows ofD have disjoint pivot pairs, so rankD = 3
and dimL = dimkerD = 3. Direct multiplication using (44) givesDQ = 0. The first two rows
of Q form the identity, so rankQ = 2. In the coordinates (x, y, z) on L, define ℓ(x, y, z) =
z − x − y. Then ker ℓ = imQ and rank ℓ = 1. The short exact sequence of cochain complexes

(A9) 0Ð→ (0→ R) Ð→ (R3 ℓÐ→ R) Ð→ (R3 → 0) Ð→ 0

has connecting map ℓ. Thus ∂ = ℓ, O ≅ R, and d⋆ = 2. The three local coordinate maps
have matrices I2, ( 0 11 1 ), and ( 1 11 0 ), each with nonzero determinant.

PROOF OF PROPOSITION 1. Under the null,A⋆z0 = 0. The continuousmapping theorem
gives

√
nA⋆ẑ⇒ N(0,Ω). Studentization by a consistent Ω̂ yields (52). The matrix A⋆ has

rank o by Theorem 1, which gives the degrees of freedom. For the nested projection
statement, whiten the Gaussian limit by Σ−1/2. The ranges of I − PWL and PWL − P

W
M are

orthogonal, so their Gaussian components are independent and their squared norms have
the stated chi-square dimensions.

PROOF OF PROPOSITION 2. Under A0 and An,h, the vectorized Gaussian observation
has equal covariance and standardized means separated by the vector h vec(uv∗), whose
Euclidean norm is h. The sum of errors of any test between two simple hypotheses is
bounded below by one minus their total variation distance. Equal-covariance Gaussian
measures separated by norm h have total variation distance 2Φ(h/2) − 1. A rank estimator
induces such a test because A0 and An,h have ranks r and r + 1. This gives (54).

On the event in (55),Weyl’s inequality gives ∣σ j(Â)−σ j(A)∣ ≤ cn for every singular value.
If σ j(Â) > τ + cn, then σ j(A) > τ. If σ j(A) > τ, then σ j(Â) > τ − cn; the weak inequality and
the zero truncation in the upper count also cover τ ≤ cn. The two implications hold for
every j and τ on the same event, proving (58).

If the true primitive θ belongs to Cn, then IG(θ) is one of the sets in the union defining
(59). Hence the projected set contains the true sharp target set whenever the primitive
confidence region covers. Under global reconstruction, rejection through Cn ∩Θrec = ∅
implies that the true primitive lies outside Cn. The two uniform claims follow from the
coverage assumption on Cn.
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PROOF OF COROLLARY 7. The randomvariable
√
n∥Â−A∥op/σhas the samedistribution

as ∥Z∥op.Hence the event in (55)with radius (60) has probability 1−α. Part 2 of Proposition 2
gives the simultaneous bracket on this event. For the primitive vector,

(A10) n(θ̂ − θ)⊺V−1(θ̂ − θ) ∼ χ2d,

so Cn,α covers θwith probability 1−α. Part 3 of the proposition gives coverage of the sharp
target set and the size bound. ReplacingV by auniformly consistent estimator and applying
the assumed uniform chi-square approximation gives the asymptotic statements.

PROOF OF PROPOSITION 3. The tangent complex gives dimTzL = χ(Ch) + η(Ch). Rank–
nullity and the definition of oh yield

(A11) rankDQh = dimTzL − oh = χ(Ch) + η(Ch) − oh.

The constant-rank theorem supplies local coordinates in which Q uses rankDQh response
coordinates, so a local realization of that dimension exists. Every smooth factorization
through a state manifold Z satisfies rankDQh ≤ dimZ, proving minimality. If Q(H) is
locally the zero set of a constant-rank connectingmap, the constant-rank level-set theorem
identifies its tangent space with the kernel of the derivative. That tangent space is imDQh,
and rank–nullity gives derivative rank oh.

PROOF OF PROPOSITION 4. Suppose first that ET is closed and embedded and that its
first projection is a submersion. The quotient-manifold criterion gives a unique Hausdorff
smooth structure on ZT = R/ET for which the quotient map π : R → ZT is a surjective
submersion. Since T is constant on the equivalence classes, it induces a unique smooth
map g : ZT → Y with T = gπ. Its set map is injective by the definition of ET . Constant rank
gives kerDTr = Trπ−1(π(r)) = kerDπr. The identity DTr = Dgπ(r)Dπr and surjectivity of
Dπr make Dgπ(r) injective, so g is an injective immersion.

Every smooth factorization of T through a manifold Z′ satisfies rankDT ≤ dimZ′. The
quotient construction has dimZT = rankDT, proving minimality and (66). If (Z′,π′, g′) is
regular, injectivity of g′ makes the fibers of π′ equal the classes in ET . The quotient maps
induce mutually inverse smooth maps between ZT and Z′, giving the diffeomorphism.

Conversely, suppose a regular global reconstruction exists. Injectivity of g gives ET =
R×ZR, the kernel pair of the submersionπ. This fiber product is an embedded submanifold,
its first projection is a submersion, and it is closed because Z is Hausdorff.
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