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Abstract

Which additional state coordinates preserve a specified policy calculation? I study
this question relative to a supplied representation, target loss, and admissible feature
class. Restricted response derivatives give a local benchmark: discarded eigenvalues
determine leading decoder risk under shrinking perturbations. Global coordinate
choice also depends on the variation left within feature level sets. A conditional-
generator certificate bounds this risk, and its spectral slack enters the comparison
between estimated certificate minimization and a risk-optimal coordinate map. The
bound separates that slack from score estimation, sampling, and optimization error.
A finite-graph counterpart evaluates fitted-decoder residuals. Occupational-choice
and heterogeneous-agent exercises illustrate the consequences for model-generated
policy responses. The analysis keeps representation loss, fitted prediction error, and
identification of the underlying response map distinct.
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1. Introduction

A state record is useful for the policy questions it can support. Workers with the same
schooling and total civilian experience may differ in their mix of experience and latent
type. A wage or schooling intervention can make those differences relevant. A model that
starts from the compressed record must then choose which additional coordinates to
retain, subject to its measurement or computational budget.

I study this choice for a supplied state map g,' a family of policy responses, a target
loss, a state distribution, and an admissible coordinate class. An augmentation b gives
the decoder the record (g, b). The best decoder is the conditional mean of the weighted
target, so the record’s population risk is the target variation left among states with the
same coordinates. The target specifies which errors matter. The coordinate class specifies
which records are feasible. The state-design comparison is conditional on the supplied
response surface.

The exact result comes first. Theorem 1 constructs the canonical quotient that retains
the supplied record and every declared target response: every exact representation factors
through this quotient. At a smooth state, any first-order augmentation needs at least
rank A+(s) coordinates, and an augmentation of that dimension attains closure at the
state. Exact sufficiency and minimum local repair are therefore two parts of one target-
relative statement. Compatibility across a region and membership in a feasible coordinate
class remain additional requirements.

Restricted response derivatives give a tractable local benchmark. They measure target
movements along state directions that leave g fixed. Their weighted Gram operator, Hy(s),
is an active-subspace operator on those omitted directions.? The spectral frontier gives the
minimum linear loss, its attaining coordinates, and the exact zero-loss dimension. Over
nonlinear continuous records, the leading worst-case term remains po 4, ; up to the stated
quadratic remainder. Theorem 3 gives the eigenvalue tail a prediction interpretation under
the shrinking perturbation law. A positive eigengap additionally controls the orientation
of a minimizing projection.

At a finite scale, the distribution of target values within each retained record matters
as well. A low-amplitude oscillation can have large derivatives. Retaining that direction
may preserve most derivative energy while leaving most target variation unresolved. This
raises the question studied here: when does minimizing a derivative-based upper bound
give a useful comparison with a risk-optimal record?

IThe supplied map may be an observed record, an existing model state, or a previous-stage approximation.
The admissible augmentation class records which additional coordinates the analyst can construct.

2The restriction to the tangent space of a g-fiber removes directions already recorded by the supplied state
map.



Theorems 4 and 5 answer this question under conditional spectral-gap and score-
complexity conditions. A generator on each connected feature fiber yields a risk certificate.
The first theorem gives an exact identity for its gap from decoder risk, characterizes
equality, and gives a sharp upper bound. The second transfers that gap into an oracle
inequality over the declared coordinate class, alongside score-estimation, sampling, and
optimization errors. Accurate estimation of the certificate and a small certificate gap for
the risk-optimal record have separate roles.

The implementation adds a fitted decoder and an evaluation design. Its prediction
error contains both representation risk and the decoder’s discrepancy from the conditional
mean. A graph construction supplies a finite-state certificate for those fitted residuals
under a specified resolution and edge rule.? Direct out-of-fold risk evaluates the prediction
procedure more directly. The two scores can therefore select different members of the
same coordinate menu.

The occupational-choice exercise keeps the supplied record, 55-target vector, decoder,
and three-coordinate budget fixed. Across 20 core-state splits, two parameterizations, and
two derivative-estimation runs, direct out-of-fold risk selects the held-out best candidate
in 80 of 80 comparisons; the graph certificate does so in 63. Their median RMSE gains
over the local counterfactual spectrum are 4.29 and 4.16 percent.* A heterogeneous-agent
transition exercise then shows how changing the target loss changes the distributional
directions worth retaining.

These calculations condition on the structural response map. Empirical use also
requires evidence that identifies that map and supports its first-stage inference. A closed
reduced Bellman calculation has further reward and transition requirements.” The paper
states these conditions separately so that each representation claim can be read with its
target, coordinate class, and source of evidence.

Related literature. Gradient-based ridge approximation provides the local spectral and
conditional Poincaré tools (Constantine, Dow, and Wang 2014; Zahm et al. 2020). Con-
stantine et al. (2017) show how oscillation separates derivative concentration from ap-
proximation accuracy. Nonlinear feature methods align a feature Jacobian with target
gradients and fit a decoder on the learned coordinates (Bigoni, Marzouk, Prieur, and Zahm
2022). Verdiere, Prieur, and Zahm (2025, Propositions 2 and 12) give Poincaré bounds for
diffeomorphism-based scalar and vector-valued feature learning. These results organize
dimension reduction around a feature class and its error bound.

3Changing the node sample, neighborhood rule, or graph resolution changes the finite diagnostic while
leaving the population certificate defined below unchanged.

*The comparisons reuse one model-generated target surface across overlapping state splits. The 80
comparisons describe design repetitions on that surface.

>Target recovery alone concerns the declared response family. Planning closure additionally requires
rewards and reduced transitions to factor through the retained record.



Here the supplied record is held fixed, derivatives are restricted to its omitted direc-
tions, and certificate slack is carried into a risk comparison over admissible augmentations.
The conditional spectral decomposition of that slack uses standard symmetric-generator
calculus (Bakry, Gentil, and Ledoux 2014). Its role is to expose the approximation term
incurred when the certificate is used to choose a record. The resulting bound requires a
positive conditional gap, the stated generator-domain conditions, and uniform control of
estimated scores. It gives a class-relative comparison under these conditions.

Dynamic structural methods compute counterfactual responses from behavior and
state transitions (Rust 1987; Bajari, Benkard, and Levin 2007); identification results char-
acterize the objects recovered from such observations (Magnac and Thesmar 2002).
Counterfactual-distribution inference (Chernozhukov, Fernandez-Val, and Melly 2013)
and sensitivity to latent-distribution assumptions (Christensen and Connault 2023) con-
cern uncertainty about the response map. The state-design problem takes that map as its
target. The response-field extension records where additional identification and sampling
conditions enter when its derivatives are estimated.

Within dynamic discrete choice, Kalouptsidi, Scott, and Souza-Rodrigues (2021) give
necessary and sufficient matrix conditions for counterfactual choice probabilities to be
invariant to observationally unidentified payoffs. Their result characterizes identification
inside a specified DDC structure. The canonical quotient and repair rank here are defined
for a supplied record and an arbitrary declared response family.

Nonlinear realization and balanced model reduction study state descriptions that
support a system’s behavior (Sussmann 1976; Kotta, Moog, and Tonso 2018; Moore 1981).
The target-recovery problem here preserves a declared response family; planning closure
additionally preserves rewards and reduced transitions. Rank tests and factor-number
estimation address related dimension questions with different population objects (Chen
et al. 2014; Bai and Ng 2002). Policy learning supplies another setting for class-relative risk
comparisons (Athey and Wager 2021). Sequence-space and semistructural methods offer
complementary ways to obtain the policy responses used in such comparisons (Auclert et
al. 2021; Beraja 2023; Hebden and Winkler 2026).

For heterogeneous-agent estimation, Liu and Plagborg-Moller (2023) show that cross-
sectional moments are sufficient under an exponential-family sampling density and give
conditions that transport this sufficiency from latent micro states to observed variables.
That model-specific result motivates careful separation between an available sufficient
statistic and the minimum target-relative coordinate count studied here.

The paper moves from the state-design objective to local risk, global selection, imple-
mentation, and model-based comparisons. Proofs appear beside the three main theorems;
supporting geometry, inference, and quantitative design details appear in the Online Ap-
pendix.



2. State representations and policy targets

The state-design analysis is conditional on a specified structural response map. The
dynamic model below supplies one setting in which such a map can be computed. The
target family, loss, and admissible coordinates then determine what its representation
must preserve.

2.1. Structural environment and supplied state

Let S; € $ ¢ RX be a structural state, A; € A an action, pe P ¢ R a policy environment,
and 0 € O c RPo a structural parameter. A stationary infinite-horizon discrete-choice
model can be written as

(1) VG(S) p) = log ZAeXp {We(a; ) p) + B[EG[VG(S/) p) | S, d, p]};

where the log-sum form corresponds to independent type-I extreme-value choice shocks.
The definitions apply to structural models that generate a differentiable counterfactual
map. The parameter 0 is held fixed in the representation results; response data enter
later through estimation of the response field. A supplied representation is a C! map

(2) q:8—-X.

The map can collect observed aggregates, administrative records, state variables retained
by a computational approximation, or a previous-stage representation. Fix a state region
on which g has constant rank. The vertical space is

(3) Vs = ker Dq(s).

A Riemannian metric on 8 supplies units for state perturbations. Within one chart, let
B(s) : RK - V; be an isometry, where k = dim V.
2.2. Counterfactual family

A target view is t = (u, d, ¢, h), where u is a policy direction, 0 is a policy displacement, ¢
indexes an outcome selector C¢, and h indexes a horizon. Let p, be the baseline policy.
The finite target response is

(4) Rt(s;0) = Cc [Ty(s, po + 0135 0) = Ty(s, po; 0)] -

Let T be a finite family of views. Stack R; into R. A continuous family can be treated by
replacing sums with integrals.



DEFINITION 1 (State-design contract). A state-design contract is

(5) &= (q, T, {wt; Wt}te‘]’; & W, ¢, {%d}dZO) b

where W; > 0 is a declared target loss, g is the state metric, w is the state distribution used
for integrated risk, ¢ is a target-loss tolerance, and ‘B ; is the admissible class of d-coordinate
augmentations. The contract is fixed before coordinate estimation and risk evaluation.

The exact quotient depends on (g, 7). Local spectra additionally depend on the
state and target metrics. Integrated risk and selected dimension additionally depend on
(1, €,B4). Reporting results under economically relevant alternative contracts gives a
sensitivity frontier for the state conclusion.

2.3. Population prediction criterion

Define the target map in its declared metric by
1/2
(6) F1(s) = {Vorw,*Re(s)}

Suppose Fq € L2(1). For a measurable feature z, define
(7) R(z) = inf Ey [[F5(S) - h(=(5))[3)

The minimizing decoder is the conditional mean of F5(S) given z(S). Thus fi(z) is the
target variation left within the representation. Zero risk gives weighted-target factorization
p-almost surely; the exact equivalence relation is defined on every state in its stated

domain.

2.4. Exact and loss-relevant distinctions

DEFINITION 2 (Counterfactual equivalence). Fors,s’ € 8, writes ~g ;5" when q(s) = q(s")
and Ry(s;00) = Ry (s'; 09).

The quotient 8/~ ; records the distinctions in the structural state that are retained by
g or used by the declared target family.

DEFINITION 3 (Loss-relevant counterfactual equivalence). Fors,s’ €8, writes ~TW,q s’
when q(s) = q(s") and th/th(s; 0g) = th/th(s’; 0g) for everyt e 7.

The loss-relevant quotient Zy;, = 8/ ~g, 1y 4 is a coarsening of the exact quotient. The
two coincide when every W; is positive definite on the span of attainable target differences.
A singular decision loss retains the target combinations that affect the declared local
decision problem.



THEOREM 1 (Canonical target quotient and minimum local repair). Letn* :8 — Z* =
8/ ~,q be the quotient map. There are unique maps q and Ry on Z* such that

(8) g=gom’,  Ry=Rgyom.

Letz : 8 — Z be any representation for which q = qz o z and Ry = Ry o 2. Then there is a unique
map h: 2(8) - Z* satisfying

€) n* =hoz.

At a state s, define the stacked restricted derivative

(10) Ag(s) = DsRy(s;09)B(s).

Every C! augmentation b : $ - RY satisfying first-order target closure,

(11) ker D(q, b)(s) < ker DR(s; 0g),

satisfies d > rank A5(s). An augmentation of dimension rank A+(s) attains first-order closure

ats.

The first part of the proposition factors the targets through equivalence classes. The
second turns target variation along the vertical space into a coordinate count at a given
state. Its attainment statement concerns first-order closure there. A feature used over a
region must also satisfy compatibility and within-fiber conditions. The structural map
that supplies these derivatives remains an input to this representation result.

PROPOSITION 1 (Finite-state coordinate count). Let 8 be finite. If q fails to carry the exact
target quotient, there is a scalar map b : § — R such that (g, b) carries it exactly.

One unrestricted real coordinate can label every class of a finite quotient. Complexity
in a discrete representation must therefore be defined through a declared cost, such as
quotient cardinality, code length, a measurement dictionary, or regularity on a supplied
graph.

2.5. Policy-information operator

Give target view t a weight w; > 0 and a target loss W; > 0. Define

(12) At(s) = DsR¢(s;00)B(s)



and

(13) Hy(s) = Y wiAs(s) WiAs(s).
teT

The weights specify the declared target loss. Sample size and design precision enter a
separate information operator.

PROPOSITION 2 (Kernel of the target operator). The operator in (13) satisfies

(14) ker Hy(s) = () ker{W/*A(s)},
teT

and

(15) rank Hy(s) = rank Ay (),

where Ay yy stacks /w,th1 / 2At. If every Wt is positive definite on im A¢(s), then ker Hy(s) =
Nt ker A¢(s) and rank Hy(s) = rank A5 (s). Under a change of vertical orthonormal frame
B(s) = B(5)0(s), Hz(s) = O(s)'Hy(s)O(s).

The quotient tangent space can therefore be represented as

(16) Qg,w(s) = Vs/{B(s) ker Hy(s)}.

The map B(s) carries the kernel from R¥ into the vertical tangent space. The met-
ric fixes the units of hidden-state perturbations.® Coordinate covariance, observability-
Gramian, and Fisher-metric formulations cover geometric and distributional states. The
finite-dimensional results use the stated frame.

®A coordinate rescaling carries the metric; fixing it changes the perturbation experiment and spectrum.



3. Local response geometry

The local criterion asks how much first-order target variation remains after a fixed number
of vertical directions is retained. The resulting spectrum has a shrinking-neighborhood
risk interpretation. Realizing those directions as a feature map introduces a separate

geometric condition.

3.1. Dimension budgets

Let the ordered eigenvalues of Hy(s) be Aj(s) > -+ > Ai(s) > 0. A rank-d orthogonal
projector P retains d vertical coordinates. Define the quadratic first-order target loss
(17) £4(P) = tr[(I - P)Hy(s)].

THEOREM 2 (Spectral compression frontier). Among rank-d orthogonal projectors,

18 min Ls(P) =) A:(s),
(18) o 55 = ZNO

and a minimizer is the projector P;(s) onto the leading d eigenvectors of Hy(s). If vertical
perturbations satisfy |v|, < p, the smallest worst-case first-order target norm over rank-d linear
encoders equals

(19) PV Ag1(8)-

For a tolerance € > 0, the quadratic effective dimension is

(20) re(s) = min {d ) Ai(s) < s} .

j>d
Zero first-order target loss is attainable with d coordinates if and only if d > rank Hy(s). Hence
rank Hy(s) is the minimum loss-relevant coordinate budget at s.

The lower bound extends beyond linear encoding to every continuous d-coordinate
encoder and decoder.” Its bound equals po g, ; in the affine case and differs from that
value by at most the declared quadratic remainder in the smooth case.

’Continuity rules out set-theoretic encodings that pack an entire high-dimensional state into one real
number. The dimension bound therefore concerns records stable under the local perturbations used in the
risk experiment.



3.2. Local prediction risk

Fix a supplied-fiber chart @ : B’S - g (q(s)) with @s(0) = s and derivative Dp(0) = B(s)
in the chosen frame. Define the stacked weighted target increment

(21) Fo(v) = { V@, P [Re(os(m) - Re )]} ., IVl <p.
Let AJ = DF;(0) and assume the uniform expansion

(22) Fs(v) = F5(0) + AJv+15(v),  sup |rs(v)] < Ksp?/2.

Ivi<p
Let U be supported on B’f and, for some ¢ > 0, satisfy
(23) EU =0, EUU’ = eIy, E[(I-P)U|PU]=0

for every rank-d orthogonal projector P under comparison. Spherical perturbation laws
satisfy (23). For p > 0, define the optimal local decoding risk

(24) %(P) = inf E [ F(oU) - h(PU) 3].

THEOREM 3 (Local spectral-risk expansion). Under (22) and (23), every rank-d orthogonal
projector under comparison satisfies

(25) [Rs,0(P) - co tr{(I - P)Hy(s)}| < Ksp®\/etr{(I- P)Hy(s)} + KTszp‘*.
Consequently,
(26) inf R0 (P) = cp® 3 Aj(s) + 0(p%).

rank P=d j>d

IfA4(S) = Ag,1(8) =v4(s) > 0 and Ps , minimizes (24), then

27) IPsp~Pas) = 0 (vdiw) -

PROOF OF THEOREM 3.  The conditional mean is the L2-optimal decoder. Put U, = (I -
P)U. Equations (23) and (22) give

(28) Fs(pU) ~ E[Fs(pU) | PU] = pA] U, + 8y,



where &, = r5(pU) — E[rs(pU) | PU]. The conditional-variance identity gives

(29) El8p]3 < Elrs(pU) |5 < K5 p*/4.
Isotropy yields
(30) EJATULI3 = ctr{(I - P)(A) AT} = ctr{(I - P)Hy(s)}.

Expansion of the squared norm and Cauchy-Schwarz give (25). The remainder is uniform
over rank-d projectors because the residual trace is bounded by tr Hy(s). Ky Fan’s principle
gives (26). If Ps , minimizes local risk, uniformity implies

(31) tr(PyHy) — tr(Ps,pHy) = O(p).
The eigengap inequality

Ya(s)
2

(32) tr(PyzHy) - tr(PHy) > |P-Pyl3

gives (27). O

The conditional-mean restriction in (23) makes the omitted linear response orthogo-
nal to every decoder using PU. Isotropic covariance then turns its variance into a trace.
The quadratic remainder controls the finite-radius error uniformly over the projectors
under comparison. A positive eigengap is used for projector recovery, with existence of a
minimizer maintained in that conclusion. The eigenvalue-tail risk expansion has its own
conclusion even when an orientation is tied. The continuous-encoder frontier has the

same leading term.

3.3. From directions to features

Aleading projector specifies directions at each state. A feature map b specifies level sets. To
connect the two, restrict attention to maps for which Db|y_ has rank d, and let P} (s) project
onto its retained vertical directions. The nonnegative orientation loss A(s) satisfies

tr{(I-Py(s))Hy(5)} = 3, Aj(s) + Ap(s).
j>d
The spectral tail is a pointwise lower bound, and A, is the additional loss associated with
the chosen feature orientation. Realizing a smooth spectral field as coordinate level sets
requires the Frobenius involutivity condition. The realization result separates an infimum
bound from equality attained by an admissible coordinate map under that condition.
These geometric requirements accompany the population risk criterion developed next.

10



4. Global decoder risk and coordinate selection

The population risk (7) averages target variation left within the level sets of a feature.
Derivatives and the conditional state distribution bound that risk and identify the slack
relevant for selecting a feature by an estimated upper bound. All comparisons use the
stated state-design contract.

4.1. Why retained derivative variation can mislead

A coordinate rule selected from derivatives is ultimately used to predict target values.
The following example holds the coordinate budget fixed and shows why the population
distribution must enter that comparison.

PROPOSITION 3 (Local spectral concentration and global decoder risk). For every integer
d > 1, retained derivative share p € (0,1), and risk ratio K > 0, there is a smooth scalar target on
[-1,1]%! under the uniform distribution for which the leading d-dimensional eigenspace of the
integrated derivative operator retains at least share p, while its optimal-decoder risk is at least K
times the risk from another d-dimensional coordinate subspace.

The oscillatory mechanism follows Constantine et al. (2017). Proposition 3 varies the
amplitudes and frequencies to attain the stated derivative share and risk ratio at any
retained dimension.

For a concrete case, let X, Y be independent uniform variables on [-1, 1], let g be con-
stant, and put F(X,Y) = 0.05¢40(X) + ¢1(Y), where ¢ (u) = cos{km(u +1)/2}. Retaining
X captures 80 percent of integrated derivative energy. Its best-decoder risk is 0.5, com-
pared with 0.00125 when Y is retained. The smaller-amplitude component has the larger
derivatives. This same example will show how certificate slack affects the comparison of
the two records.

4.2. Global decoding-risk certificate

Suppose a smooth submersion z admits conditional measures p; on its level sets L; =
2 1({). Assume the scalar conditional Poincaré inequality

(33 Jo If ~EucfPang <@ ) 191 flzane

for almost every (.

11



PROPOSITION 4 (Fiberwise target-risk certificate). Suppose (33) holds, the coordinate re-
strictions of Fo belong to H' (L¢, 1) almost everywhere, and the expression below is integrable.
Then

(34) %(2) < Ey [C(2(5)) IDF3(S)Mier pigs) s -

Forz =(q,b),

(35) R(g,b) <Ey [C((q, b)(S)){ZAj(SHAb(S)}]-

j>d
Ifker D(gq, b) = K; and C < C almost everywhere, then
(36) M(q, b) < CE, %7\ i(S).
7>

The Poincaré constant depends on the geometry and conditional distribution of each
feature fiber. Equation (35) separates spectral truncation from the directional loss created
by an admissible coordinate map. The argument follows gradient-based ridge approxima-
tion and nonlinear level-set feature learning (Zahm et al. 2020; Bigoni, Marzouk, Prieur,
and Zahm 2022; Verdiere, Prieur, and Zahm 2025). This is an upper bound under the
conditional Poincaré inequality. Candidate selection also depends on the distance from
that bound to the candidate’s risk.

4.3. Disconnected and mixed state fibers

Suppose each regular level set of z is a countable union of connected components and let
Cx(S) be a measurable component label. Put

(37) m(G,¢) = E[Fg(S) | 2(S) = ¢, Cx(S) =¢],  m(C) = E[F5(S) [ 2(S) = C].

Assume a conditional Poincaré inequality on each component, with constant C(¢, c).

PROPOSITION 5 (Mixed-fiber risk decomposition). The optimal decoding risk satisfies

(38) %(2) < E[C(2(S), C2(5))| DF3(S)Mer pa(s) s |
(39) +E[[m(2(5), Cx(8)) - m(2(8))[3] -

Before the Poincaré step, the two terms form the exact conditional-variance decomposition into
variation within connected components and variation between their conditional target means.
The weighted target factors through 2z, u-almost surely, when both right-hand terms vanish.

12



The second term in (39) detects target distinctions across latent types, regimes, and
disconnected strata. Within-stratum derivatives supply the first term.

4.4. Admissible-coordinate selection

Fix before estimation a nonempty class B ; of smooth maps b : § — R4 for which 2p =
(g, b) has constant rank, Db(s)|y, has rank d, and the conditions of Proposition 5 hold.
The class encodes the measurement and implementation restrictions placed on a state
representation. Define

40 %% = inf 9(q, b).

The class and its integrated risk complete this comparison. A diagnostic for the gap
between the fiberwise Poincaré bound and decoder risk uses the nonnegative self-adjoint
weighted Neumann generator £, ; - associated with the conditional Dirichlet form on each
connected component of a regular z;,-fiber. Assume compact resolvent, kernel consisting
of constants on each connected component, and first nonzero eigenvalue v;(b, ¢, c) > 0.
Put

(@) 1p(S) = Fy(S) - m(2p(S), C(S)),  T(b) =E[m(z(S), Cz,(S)) - m(2p(S)) 3

The generator acts componentwise on r;,. Define the fiber certificate and its spectral-slack

diagnostic by
2
(42) €h(5) = E[v1(8, 2,(5), C2,(5)) " |DF3 () e by 5]+ T®)
2
(43) 0(6) =E| {8 5(5), €5, (8)  Ltyzy05),c,05) - 1} o |

Write Ay, for the operator residual inside the norm in (43). For 23, = (g, b), the derivative
term in (42) equals the expectation of vfl{Z jpd N+ Ap}. The conditional generator yields
a target-specific expression for the certificate gap.

THEOREM 4 (Exact fiber-certificate gap and sharp bound). Suppose the conditional gen-
erators above have compact resolvent, ry, lies in their domains, and the displayed quantities,
including the squared norms of L1y, are integrable. Then every b € B 4 satisfies

(44) ch(b) - 2(q, b) = E(rp, Aprp)2 2 0,
and
(45) 0 < cf(b) - R(q, b) <\/{R(g,b) - T(b)}D(b) < V/R(g, b)D(D).

13



¢t(b) = M(q, b) precisely when every nonzero conditional target residual lies in the first non-
constant eigenspace of its connected fiber, up to mixtures across eigenfunctions sharing the first
eigenvalue. If R(q, b) > I'(D), the first upper bound in (45) is attained precisely when Ayry, = K1y,
in the direct-integral conditional L? space for one constant « > 0. Residuals concentrated on one
common normalized fiber frequency attain the bound.

PROOF. Fix a connected component of a regular fiber and suppress its indices. Let
{dx} k>0 be an orthonormal eigenbasis of £, with Ly = vipdrand 0 = vp < vy < vy < -
Each scalar coordinate ry of the conditional target residual has mean zero and an expansion
¢ = Ygs1 4Py The conditional within-component risk, derivative certificate, and slack
diagnostic are

(46) V=Y ay
£,k>1
(47) c= 3 kg2
k1 V1
2
(48) D= Y (ﬂ— ) af.
01\ V1

The Dirichlet-form identity gives the middle expression. Therefore C -V > 0, and Cauchy-
Schwarz gives

(49) c-v=1Y (3—1)%2,(3 VD.
tk1\ V1

Integrate over fiber values and component labels. The expansion for C-V gives (44). Apply-
ing Cauchy-Schwarz in the direct-integral conditional L? space gives (45). The integrated
within-component variance is fi(q, b) — I'(b), while the between-component term enters
both ¢!(b) and 93(g, b) without approximation. The difference is zero exactly when every
coefficient with v; > v; vanishes. For a nonzero residual, equality in Cauchy-Schwarz
holds exactly when A,r;, = kr, for one nonnegative constant « in that direct-integral
space. O

Equation (44) is the conditional spectral decomposition of the Poincaré deficit, using
the symmetric-generator calculus of Bakry, Gentil, and Ledoux (2014). The first noncon-
stant eigenvalue normalizes the within-component energy. Residual frequencies above
it create slack. The between-component term I'(b) enters risk and certificate equally,
so the diagnostic addresses the remaining, within-component approximation. Compact
resolvent supplies the eigenbasis; the domain and integrability conditions justify the
generator norms and their averaging.

14



Table 1 completes the oscillatory example. Uniform interval fibers use the Neumann
generator. The certificate equals risk for the record X. Retaining Y leaves the high-
frequency residual 0.05¢ 40 (X); its certificate is 2 although its risk is 0.00125. The diagnostic
in (43) is zero for X and 0.05%(40% — 1)?/2 for Y. It records a loose certificate at the risk-
improving coordinate.

TABLE 1. Derivative concentration, decoder risk, and certificate slack

Retained Derivative Decoder Certificate Slack
record share risk et et —m
X 0.80 0.50000 0.50 0.00000
Y 0.20 0.00125 2.00 1.99875

Exact calculation for F(X,Y) = 0.05¢40(X) + ¢1(Y), independent uniform X, Y on [-1,1], and a constant
supplied record. Both candidates retain one coordinate. The certificate uses the conditional Neumann spectral
gap. Values specialize the existing oscillatory construction; they are separate from the model experiments.

An affine target residual on a standard Gaussian fiber in orthonormal coordinates
gives the complementary case. For its Ornstein-Uhlenbeck generator, Lf = -Af +x- V f,
a centered affine residual lies in the first nonconstant eigenspace, so ©(b) = 0. On a
Euclidean fiber with density p, the expression £f = —p~!div(pVf) shows the inputs
required to evaluate the diagnostic: target derivatives, conditional density scores, second
derivatives, and the conditional gap. Theorems 4 and 5 use the stated positive-gap setting.

4.5. Selection over a prescribed class

The statistical bound uses a declared finite-complexity coordinate class. Let B ; = {by, :
N € Z;4}, where =, lies in a Euclidean ball of radius D= in RP4. Let 1, (S) denote the
nonnegative observation-level score in (42), including the between-component term, so
that €f (b)) = E\y (S). For a positive score envelope M, assume

(50) 0<Pn(S) <M,  [bn(S) =y (S) <Ln-n"l2
almost surely. Cross-fitted first stages produce scores $n,i and

n

[y~ bn (S}
1

1
n

—~ 10~
(51) Cr(n) =~ Unis  Pn=SUp
=1

neZg 1" i=

For a € (0,1), define

ﬂn .\ M\/pd log{1 +4LD=+/n/M} +log(2/x) .

(52) an(oc) = \/— n
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THEOREM 5 (Coordinate-selection oracle inequality). For an optimization toleranceny > 0,
let1; satisfy

(53) En(ﬁd) < nl?”f En(ﬂ) +Mn.
24

Supposen; € =4 exists such that b} = bﬂ} attains (40). Suppose Sy, ..., Sy are i.i.d. from p and
the coordinate class and ideal score functions are fixed before this sample is drawn. Under (50),
with probability at least 1 — «,

(54) 0 < R(q, by,) - R < \/{9‘*2 —T(65)}D(b5) + 20 + 2an(x) + M.

Ifo(by) < 5?1{%2 —T(b})}, the first term is at most 8 4R7. Writing D= SUPpez, D(by), the
same term is bounded by \/ M® ; because R <M.

PROOF. PutP,f=n"! >, f(S;)and Pf = Ef(S). When L = 0, all ;, agree almost surely
and a single application of Hoeffding’s inequality is bounded by (52). Suppose L > 0. Take
an r-net of Z;. Its cardinality is at most (1 + 2D=/r)P4. Hoeffding’s inequality and a union
bound give, with probability at least 1 - «,

(55) max  |(Pp - P)y| < M\/pd log(1+2D=/r) +log(2/w)
1 in the net " = m .

The Lipschitz condition extends this bound from the net to =; at cost 2Lr. Setting r =
M/(2L+/n) gives

(56) sup [(Pn = P){y| < an(x).
neZq
Consequently,
(57) én := SUp |€n(n) - Q:h(bn)| < pn + an(o).
nezy

The certificate sandwich and approximate minimization imply

(58) N(q, by,) < €l (bg,)

(59) <Cn(fig) +en

(60) <Cn(n}) +Mn +en

(61) <&l (b]) +Mn + 2en

(62) s%2+\/{i)%[*i—l“(bc*i)}@(b:i)+nn+2pn+2an(oc).
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The lower bound follows from (40). The score envelope and the certificate sandwich give
R} < M, so the uniform bound on D gives the final assertion. O

The comparison uses a risk-optimal member of the declared class, whose existence
is an assumption of the theorem. Its certificate slack is the approximation term. The
other terms have different sources: p, measures the uniform discrepancy introduced by
estimated scores, a; () controls sampling variation in the fixed ideal-score class, and
Nn records numerical optimization tolerance. The proof first bounds those score errors
uniformly and then transfers approximate certificate minimization to risk.

Cross-fitting enters the construction of \; a rate for p, requires the relevant first-
stage conditions. Uniform score and slack-estimation events, together with their failure
probabilities, give the corresponding rate statement. The reportable bound there adds
those events to the ideal-score sampling event. In the oscillatory example, certificate slack
at the risk-optimal record remains present even if all three estimation and optimization
terms vanish.

A constructive class can be defined on a declared g-adapted atlas. Within a chart (x, u)
satisfying q(x, u) = x, let Wy (x,-) : RK - R¥ be a smoothly indexed diffeomorphism and set
by (x, u) = ¥y (x, u). Compatibility restrictions on chart overlaps give a global feature.
Affine maps, prespecified moment dictionaries, and fixed-architecture coupling flows
provide finite-dimensional choices for =;. Equation (54) separates fiber-frequency slack,
first-stage error, class complexity, and numerical optimization.

5. Implementation and response-field recovery

A representation comparison specifies the coordinate construction, decoder, selection
score, and evaluation sample. The population results concern the best decoder for each
representation. Computation and sampling determine how closely a fitted comparison
approaches that criterion. In an implementation, first fix the policy experiments, target
weights, supplied record, and coordinate budget. Construct candidate fields and train
their decoders using the permitted training information. Then choose a candidate by the
declared selection score and evaluate it on the designated evaluation states.?

5.1. Fitted decoders and independent evaluation

Let 2, = (g, b) and my(z) = E[F5(S) | 25(S) = 2]. Conditional on a training sample that fixes
b and a square-integrable decoder Eb: an independent evaluation state satisfies

(63) E[Fq(S) - hp(2(5)) 13 = R(q, b) + Emy(25(S)) - By (2,(S)) 3.

8Using the evaluation loss to revise the candidate menu defines a new selection procedure and requires a
fresh evaluation sample.
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Conditional centering removes the cross term. Representation risk and decoder approx-
imation therefore enter as separate, nonnegative quantities. Using the same decoder
architecture across records holds the fitting rule fixed; the second term can still differ
across records. Out-of-fold scores evaluate that fitted procedure under the specified fold
construction. The squared-loss identity applies before the square root and normalization
used to report RMSE. A held-out winner is the best evaluated member of the given menu,
while 2R in Theorem 5 compares population best-decoder risks over the declared class.

5.2. Finite-state graph scores

The conditional spectral calculation has a finite-state analogue for fitted residuals. Fix a
declared resolution for the supplied coordinates, which partitions the evaluation states
into cells g € G. For each candidate b, choose a connected reversible weighted graph
within every cell; its edge rule can depend on distances in b, and its nonnegative self-
adjoint Laplacian Ly, , has first nonzero eigenvalue v, ; ,. The cell resolution, edge rule,
and bandwidth are part of the state-design contract. Let 7p,¢ De a target residual from an
externally fitted or cross-fitted decoder, let 7, , be its cell mean, and put rZ} g = Tbg " Thg:
Write | - |¢ for the cell empirical norm and let 7y be the cell frequency. Singleton cells
retain only the residual-mean term; their centered energy and diagnostic contributions
are defined to be zero.

PROPOSITION 6 (Finite-graph generator certificate). Define

(64) Ro(b) = X e {115 412+ o gl3}
g<S
(65) ’@G(b) = %ﬂg {Villjjg<rlc;’g) Lb,grloy)g>g + H?b,gH%})
gE
_ _ o 112
(66) Do(b) = Y. mg [{vih o Log - [I7o g \g.
geS
Then
(67) 0<s(b) - Rg(b) = 29 Mg (1 00 (Vi pgLbg ~ I7hg)e
gE
(68) < \{Fo(b) -Te(b)} Dg (D),

where Tg(b) = Yg 7Tg||?b,g||%- Conditional on an auxiliary sample used to construct a finite
candidate menu, graphs, and decoders, suppose ng independent evaluation clusters contribute
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scores in [0, Mg] to (65). For a menu B 4 ¢, with probability at least1 - a,

_ _ [ Tog (2B gl/o}
(69) sup |€s(b) - E€q(b)| < MG\J 5 : .
be%d,G nG

Proposition 6 applies graph-Laplacian spectral calculus (Chung 1997) and replaces
conditional density-score and boundary estimation by a declared graph on a discrete
structural state grid. The graph certificate remains an upper bound for the cross-fitted
residual risk on that grid. Its empirical role is candidate selection within the declared
graph, coordinate resolution, decoder, and target metric. The finite-grid inequality applies
to those fitted residuals. Relating it to the population conditional generator requires a
separate graph-approximation argument. The concentration statement further assumes
the auxiliary-sample construction and independent bounded evaluation clusters stated in
the proposition. A three-way split can separate construction, scoring, and final evaluation
when the resulting cluster scores satisfy those conditions. The deterministic graph identity
can be checked on a fixed grid independently of this sampling claim. The reported model
exercise uses its own training/test design.

The numerical comparisons therefore report the coordinate rule, its decoder, the
construction and evaluation samples, and the score used to choose among candidates.
Agreement with a held-out menu winner measures that comparison’s selection perfor-
mance. Repeated partitions of a fixed structural target surface evaluate sensitivity to the
split; the independent experimental unit for inference remains the one specified by the
sampling design.

5.3. Recovering the response field

A solved structural model supplies the target derivatives directly. A data-based implemen-
tation requires a first stage for the same target derivatives under the relevant identification
and sampling conditions. The reconstruction combines local derivative estimates over a
declared state cover. Its uniform error separates derivative estimation error, its quadratic
product, and interpolation error (Proposition A10).

Cross-fitted quadratic products use the conditional centering and cross-product re-
strictions of Lemma Al; sample splitting is part of that construction. Cover conditions
link the scattered evaluations to the recovered field. These requirements are distinct from
the spectral calculation applied to a known target map.

Scope of the recovered field. Locally varying frames, eigenspace recovery, and response

information enter through the structural criterion. The field in (A57) is a population object
recovered from response data. A model-generated field can instead be calculated after

19



behavioral estimation. The two implementations share a target and a metric while placing
different requirements on the evidence.

Spectral-tail inference carries the trace and the operator jointly. Its assumptions in-
clude a joint first-stage limit and a negligible sieve bias. A numerical directional bootstrap
accommodates a positive repeated boundary eigenvalue. Simultaneous upper bounds
then support a confidence-protected coordinate count for a declared loss tolerance. These
are conditional inferential results; the numerical examples evaluate specified model-
generated fields.

5.4. Target recovery and Bellman closure

Counterfactual evaluation uses the exact quotient. A reduced Bellman calculation addi-
tionally uses reward and transition closure. Let z = z(s) be a candidate reduced state.
Maintain 0 < 3 < 1, a finite action set, and uniformly bounded flow rewards on the stated
state and policy region. These conditions give the unique bounded fixed point used by the
discounted Bellman argument.

PROPOSITION 7 (Planning closure). Suppose that for every action a and policy p in the
computational family,

(70) T[G(a) ) P) = ﬁe(a, Z(S)J p)

and the pushforward transition satisfies
(71) PGI‘{Z(S,) €B | Sy a,p} :PG(B |z(s),a, p)

for each measurable B. Then the Bellman value in (1) factors as Vy(s, p) = Vo (2(s), p) and the
associated logit conditional choice probabilities factor through z(s).

The proposition connects state compression to the state-equivalence conditions used
in MDP model minimization (Givan, Dean, and Greig 2003). A target quotient can also be
used after solving the full behavioral model to reduce counterfactual response storage
and evaluation.

Multilevel and multi-index corrections specify the accuracy requirements for the
computational implementation.

6. Equal-budget policy-response comparisons

The exercises ask whether representations preserve the responses generated by a specified
model. The occupational-choice comparison evaluates equal-budget coordinates on held-
out target vectors and distinguishes direct risk selection from the graph certificate. The
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transition-economy calculation studies local distributional directions and a decision-
induced loss. Both use the declared state-design contracts.

6.1. Occupational choice and equal-budget prediction

The local spectrum supplies a relaxation whose global performance depends on the fea-
ture class, perturbation distribution, and decoder. The comparison therefore holds the
supplied state, target vector, coordinate budget, and decoder fixed. The KW97 fixed-model
exercise applies this distinction in a dynamic occupational-choice model. The exercise
solves five policies on aligned state spaces under two distributed parameterizations. The
policies change the schooling reward, white-collar wage, blue-collar wage, military wage,
and both civilian wages. The parameterizations are held fixed, and all policy responses
are generated by the model. Each parameterization contains 6,520 core states and four
latent types.® The target vector contains 55 state-level policy responses: EMAX, five choice
probabilities, and five alternative-specific mean values under each policy. Core states enter
a 70/30 training-test split. The primary supplied representation records period, schooling,
total civilian experience, and lagged-choice indicators. Its fiber contains the civilian expe-
rience mix, military experience, and three latent-type contrasts. Every method carries the
same supplied representation. Counterfactual-fiber, baseline-value-fiber, and unrestricted-
output methods receive three added coordinates and use the same quadratic ridge decoder.
The full-state row uses all five omitted coordinates. Table 2 averages held-out target RMSE

across two derivative-estimation runs.

TABLE 2. Held-out prediction under equal-budget KW97 representations

Representation Distributed respy Distributed original
Counterfactual fiber, d = 3 0.7356 0.7011
Baseline-value fiber, d = 3 0.6758 0.6844
Unrestricted output, d = 3 0.7121 0.7065
Full state, d = 5 0.6488 0.6435

Entries are mean held-out RMSE for the common 55-component policy-response vector. Representations use
the same supplied map, state split, training-standardized metric, decoder, and simulation design.

Across the supplied-representation specifications, the counterfactual-fiber coordi-
nates remain above the best equal-budget competitor under the stricter cases. In the
primary specification, the first three counterfactual directions retain about 78-83 percent
of positive derivative trace, yet their global held-out RMSE exceeds the baseline-value
comparator by 8.9 percent under the respy parameterization and 2.4 percent under the
original parameterization. All methods preserve the ranking of mean EMAX policy re-

9 All four types belonging to one core state are assigned to the same training or evaluation fold.
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sponses. The comparison illustrates the distinction in Proposition 3. Retained derivative
share describes the local response geometry; held-out RMSE evaluates the fitted decoder.
The latter also reflects the second term in (63).

The finite-graph exercise implements Proposition 6 on the same split. Two training
folds produce out-of-fold residuals from the common quadratic ridge decoder. Exact cells
of the primary supplied representation fix period, schooling, total civilian experience,
and lagged choice. Within each cell, a complete reversible graph assigns inverse-distance
weights in the candidate’s added coordinates; the bandwidth is the median positive within-
cell distance. The graph certificate, candidate menu, target normalization, and decoder
use training states. Held-out targets enter only the final comparison. The menu contains
the counterfactual-fiber spectrum, baseline-value spectrum, and conventional coordinates
at budgets d = 1, 2, 3.

The main comparison repeats the construction across twenty core-state partitions;
the single-split diagnostics provide a reference case.

The repeated-split comparison fixes the 55-target scale and active mask at the original
design, then reruns the core-state partition, state standardization, local operators, ridge
selection, graph construction, candidate selection, and held-out evaluation under 20 split
seeds. Table 3 separates the direct risk score from the theorem-linked graph certificate.
Minimum two-fold out-of-fold decoder risk matches the held-out oracle in all 80 model-
run-split comparisons. It selects the baseline-value family in 75 comparisons and the
counterfactual-fiber family in five. The median RMSE gain relative to the counterfactual-
fiber family is 4.29 percent. The four-comparison mean gain is positive in every split
and ranges from 2.76 to 7.67 percent. Paired 1,999-draw intervals exclude zero in all 75
comparisons where the direct selector chooses the baseline-value family. The graph
certificate matches the held-out menu minimum in 63 of 80 comparisons. Its grid-level
residual bound is given by Proposition 6. The 80 comparisons reuse model states under
different splits and runs, so their selection frequencies describe stability within this design.

TABLE 3. Training-score selection across KW97 splits, d = 3

Training score Oracle BV /CF Median gain Split means Positive Cls
Out-of-fold decoder risk 80/80 75/5 4.29 [2.76, 7.67] 75/ 80
Graph certificate 63 /80 62 /18 4.16 [0.61, 7.67] 60/ 80

The 80 comparisons comprise 20 core-state splits, two fixed-model parameterizations, and two derivative-
estimation runs. Gains and ranges are percentage reductions in held-out target RMSE relative to the local
counterfactual-fiber spectrum. Positive intervals count comparisons whose paired percentile interval excludes
zZero.
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The 20-split comparison distinguishes the two training scores: direct risk reproduces
the three-coordinate oracle throughout these comparisons, while the graph certificate pro-
vides the theorem-linked upper-bound diagnostic. The policies and targets are generated
within the structural model. The exercise evaluates the coordinate-selection mechanism
under a fixed model; the policy interpretation of its responses rests on the maintained
structural model and separate identifying evidence. The paired percentile intervals condi-
tion on the fitted candidates, parameterization, graph rule, and realized split.

6.2. A distributional state in general equilibrium

The quantitative illustration is an incomplete-markets transition economy with one asset
and three idiosyncratic income states. Households have CRRA utility with discount factor
0.94 and risk aversion 2. Next-period asset choices lie on 15 points over [0, 20] and receive
type-I extreme-value smoothing with scale 0.8. Income levels are (0.5, 1, 1.5) with transition
matrix

090 0.09 0.01
(72) Py=10.05 090 0.05
0.01 0.09 0.90

K0-36

Productionis Y = with depreciation 0.08. Competitive factor prices are

(73) r(K) = 036K %4~ 0.08,  w(K) = 0.64K*3®,

The stationary equilibrium has K = 4.4804, r = 0.0579, and w = 1.0981. Each transition path
is solved by backward household recursion and forward distribution propagation with
market clearing for aggregate capital. The household distribution has 45 mass points. The
supplied representation records total mass, aggregate assets, and the masses in the first
two income states. The third income mass follows from total mass. In Fisher score coordi-
nates the residual distribution space has dimension 41. The declared counterfactual family
contains two balanced fiscal packages. A capital-income tax begins at 0.25 and decays
geometrically at rate 0.5 with contemporaneous lump-sum rebates. A labor-income tax
begins at 0.30 and has the same decay and rebate rule. The target vector contains capital,
consumption, output, and the interest rate at horizons 0, 1, 2, 4, and 8 for both packages,
giving 40 target components. The supplied map, fiscal packages, horizons, outcome nor-
malization, state metric, and target metric are common across the scattered-state exercise.
The response field is evaluated along 46 scattered Fisher-score directions that preserve
the supplied representation. Central finite differences produce directional derivatives
of the nonlinear general-equilibrium transition paths. A least-squares reconstruction of
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TABLE 4. Distributional representation and fiscal-counterfactual loss

Coordinatesd  Counterfactual loss share =~ Moment-dictionary loss share =~ Cumulative target share

1 0.274 0.526 0.726
2 0.031 0.439 0.969
3 0.012 0.376 0.988
4 0.005 0.338 0.995
5 0.001 0.304 0.999
6 0.0007 0.293 0.9993

Losses are divided by the zero-coordinate target loss. The moment dictionary contains powers of assets,
asset-income interactions, and wealth-income cells. Each moment step selects the remaining dictionary
element that gives the largest target-loss reduction.

the derivative map has RMSE 1.23e — 08, and the standard deviation of the directional
response derivatives is 4.45¢ — 03. The resulting target spectrum has cumulative shares
0.726, 0.969, and 0.988 after one, two, and three coordinates. The comparison has a mea-
surement interpretation. Under the unrestricted local linear class in Proposition A7, the
target eigen-directions minimize residual derivative loss. The moment dictionary restricts
added measurements to its listed economic moments. The two columns therefore answer
different admissible-class questions. Table 4 reports the resulting class-conditional fron-
tier for these two admissible classes. The distributional state can also be selected for a
downstream policy decision. Let G(s) be the 20 x 2 matrix whose columns are the two

package-response paths. The planner chooses package weights a € R? to minimize
P 2 Ny 12 _ -7
74 Sldo+G(s)al? + Jal?,  n=2x107,

where d is fixed at one half of the negative sum of the two baseline package responses.
The Hessian calculation in Proposition A3 gives a target metric on vec G. Three repre-
sentations are estimated on a training set of scattered distributions: the equal-target
metric, the decision metric, and the greedy moment dictionary. The response surface
is predicted on held-out distributions and the planner resolves (74) using the predicted
response. At d = 2, the decision-metric representation has policy-weight RMSE 1.08e-04,
the equal-target representation has 1.41e-03, and the moment dictionary has 5.13e-03.
Their mean regret relative to the mean full-state decision loss is 1.49e-05, 0.003, and 0.142.
Figure 1 reports the target-loss and decision comparisons. The distributional derivative
calculation is the finite-state counterpart of the Hilbert-space operator. Sequence-space
methods compute equilibrium derivatives in heterogeneous-agent models (Auclert et al.
2021), and projection and parametric-distribution methods provide state representations
(Reiter 2009; Winberry 2018). The calculation here starts from the supplied aggregate
representation and measures the distributional directions required by the declared fiscal
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FIGURE 1. Distributional coordinates in the general-equilibrium transition economy

Left: remaining fiscal-counterfactual target loss at each dimension. Right: mean held-out policy regret relative
to the mean full-state decision loss for the equal-target metric, the decision metric, and the moment dictionary.
The decision-metric coordinates use the local regret metric in Proposition A3.

transition paths. Every response in this exercise is generated by the calibrated model. The
reported losses describe internal approximation for the stated policies, metric, pertur-
bation law, and coordinate classes. Empirical use requires an independently recovered
intervention-response field evaluated under the same contract.

7. Conclusion

Which coordinates to retain depends on the policy calculation they will support. A supplied
record, target loss, state distribution, and admissible augmentation class make that choice
a decoding problem. The restricted derivative spectrum gives its local benchmark under
the stated shrinking experiment.

At a finite scale, the target values left within a record determine decoder risk. A
conditional-generator certificate bounds that risk, and its frequency diagnostic mea-
sures the slack relevant for coordinate selection. The oracle comparison carries this
approximation term alongside score-estimation, sampling, and optimization error. The
oscillatory example shows why each part belongs in the comparison.

The model exercises compare coordinate selection at fixed budgets and show how
target weights change useful distributional directions. They evaluate fitted prediction
procedures: the representation supplies information, and the decoder uses it. Empirical
use additionally requires identification and estimation of the policy-response map.
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