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Appendix A. Additive-Clock Results

A.1. Clock distortion

PROPOSITION A1 (Recorded-clock mapping). Let pu = P(U = u). For each recorded horizon
ℓ,

(A1) mℓ = (Apτ)ℓ = ∑
u∈Z

puτℓ+u.

If p̌ j = p− j, then m = p̌ ∗ τ.

PROOF OF PROPOSITION A1. For a recorded horizon ℓ, the latent horizon equals ℓ +U.
Conditional expectation and Assumption 1 give

(A2) mℓ = ∑
u∈Z

P(U = u)E[τi,ℓ+u ∣ U = u] = ∑
u∈Z

puτℓ+u.

Set j = −u. Since p̌ j = p− j,

(A3) mℓ = ∑
j∈Z

p̌ jτℓ− j = ( p̌ ∗ τ)ℓ.

Figure A1 applies (A1) with P(U = 0) = P(U = 2) = 1/2 to a finite-support response.

A.2. Recorded leads

Suppose the latent response satisfies τh = 0 for h < 0. For any recorded lead ℓ < 0,

(A4) mℓ = ∑
u≥−ℓ

puτℓ+u.

A positive delay probability and a post-event response place causal mass in recorded leads.
The sign follows the sign of the response terms entering the sum. Recorded leads can
reflect clock delay, response heterogeneity, or a deviation in the untreated counterfactual
trend. These channels correspond to separate restrictions.
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FIGURE A1. Latent and recorded-clock response paths

The latent response equals zero at negative horizons and equals 2, 4, 3, 2, 1 at horizons zero through four. The
recorded clock satisfies P(U = 0) = P(U = 2) = 1/2. The recorded-clock response ismℓ = {τℓ + τℓ+2}/2.

A.3. Finite-window accumulation

PROPOSITION A2 (Finite-window accumulation). For integers a ≤ b, suppose∑u pu∣τℓ+u∣ <
∞ for each ℓ = a, . . . ,b. Then

(A5)
b
∑
ℓ=a

mℓ = ∑
h∈Z

τhP(h − b ≤ U ≤ h − a).

PROOF OF PROPOSITION A2. Absolute summability on the displayed finite window per-
mits an exchange of sums:

b
∑
ℓ=a

mℓ =
b
∑
ℓ=a
∑
u
puτℓ+u = ∑

u
pu

b
∑
ℓ=a
τℓ+u.(A6)

Set h = ℓ + u. The restriction a ≤ ℓ ≤ b becomes h − b ≤ u ≤ h − a. Hence

b
∑
ℓ=a

mℓ = ∑
h
τh

h−a
∑

u=h−b
pu = ∑

h
τhP(h − b ≤ U ≤ h − a).(A7)

4



A.4. Temporal-moment transport andmoment order

The supporting moment-interchange and transport arguments are recorded here.

LEMMA A1 (Moment interchange). If∑h(1 + ∣h∣r)∣τh∣ < ∞ and E∣U∣r < ∞, then

∑
ℓ,u
∣ℓ∣r pu∣τℓ+u∣ < ∞.

PROOF. Write h = ℓ + u, so ∣ℓ∣r = ∣h − u∣r ≤ 2r−1(∣h∣r + ∣u∣r) for r ≥ 1. Then

∑
ℓ,u
∣ℓ∣r pu∣τℓ+u∣ = ∑

h,u
∣h − u∣r pu∣τh∣(A8)

≤ 2r−1
⎧⎪⎪
⎨
⎪⎪⎩

∑
h
∣h∣r ∣τh∣ + E∣U∣

r
∑
h
∣τh∣
⎫⎪⎪
⎬
⎪⎪⎭

< ∞.(A9)

The case r = 0 follows from τ ∈ ℓ1.

DETAILED PROOF OF PROPOSITION 3. For j ≤ r, reindex T j(Sux):

T j(Sux) = ∑
h
h jxh+u = ∑

z
(z − u) jxz(A10)

=

j
∑
k=0
(
j
k
)(−u) j−kTk(x).(A11)

These component equations give Tr(Sux) = Πr(u)Tr(x). Lemma A1 permits averaging
over U, which gives

(A12) Mr = E[Πr(U)]Tr.

The r-th row equals

(A13) Mr =
r
∑
k=0
(
r
k
)(−1)kµkTr−k.

The diagonal entries of E[Πr(U)] equal one, so

(A14) Tr =Mr −
r
∑
k=1
(
r
k
)(−1)kµkTr−k.

Starting from T0 =M0, the recursion determines moments through order r.

PROOF OF COROLLARY 1. Set r = 0 in (25). The identity becomesM0 = µ0T0 = T0.
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PROOF OF COROLLARY 2. Set r = 1 and r = 2 in (25) and solve recursively. For the distri-
bution statement, letH havemass qh = τh/T0, letU have clock law p, and let L = H−U. The
recorded causal-mass distribution is the law of L. Under the product law q× p, EH = EL+EU
and Var(H) = Var(L) −Var(U).

A.5. Response-dependent recording: location of the identities

The query cross-moment identity yields the first- and second-order covariance corrections.
A two-cell construction shows how a pooled marginal clock differs from cell-specific
mixing.

Appendix B. Clock-Action Results

B.1. Pathwise queries and translation

The temporal-moment results concern population averages. For a realized path, query
recovery follows the action of one displacement. Orbit notation collects the latent paths
compatible with a recorded path and displacement support. First-passage equivariance
and the observations entering or leaving a finite burden window then give concrete
measurement implications.

DEFINITION A1 (Clock action). A query Q : X→ Z admits a clock action when a group action
{ρu : u ∈ Z} satisfies

(A15) Q(Sux) = ρu(Q(x))

for every path and displacement in the maintained translation-stable domain.

For a continuous linear vector query q with matrix action Rq, averaging gives q(Apτ) =
Ep[Rq(U)]q(τ) whenever the expectation and linear map commute. Temporal moments
use the Pascal matrix in (22). Nonlinear queries below retain the realized translation and
its support.

The population relation (13) averages clock displacements. Pathwise analysis keeps
the realized displacement. For an observed path xW and displacement support Γ ⊆ Z,
define the latent-path orbit

(A16) OΓ (x
W
) = {S−uxW : u ∈ Γ}.
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PROPOSITION A3 (Clock-orbit identification). Suppose xG ∈ X, xW = SUxG, and U ∈ Γ . If Q
admits the clock action in Definition A1, then

(A17) IQ(x
W , Γ) = Q(OΓ (xW )) = {ρ−u(Q(xW )) : u ∈ Γ} .

PROOF. For each u ∈ Γ , the latent path associated with that displacement is S−uxW .
Apply (A15) to each path in OΓ (xW ).

A translation-invariant query has ρu equal to the identity action on its value space. For
linear queries on ℓ1(Z), this property can be read from the loading sequence.

PROPOSITION A4 (Shift-invariant linear queries). Let S ⊆ Z be a set of admissible determinis-
tic clock errors, and let La(x) = ∑h ahxh for a ∈ ℓ

∞(Z). The value La(Sux) is the same for every
u ∈ S and every x ∈ ℓ1(Z) exactly when

(A18) a j+u = a j+v for every j ∈ Z and u, v ∈ S.

If the subgroup generated by S − S equals Z, then ah is constant across h, and La is a scalar
multiple of full-axis cumulative response.

B.1.1. First passage

Let x = (r, y) contain a replacement path r(h) and an activity path y(h). Let Z = Z ∪
{−∞,+∞}, extend integer translation by (±∞) − u = ±∞, and set inf ∅ = +∞. For ζ =
(q, p,κ), define the unrestricted first-passage query with values in Z

(A19) Dζ(x) = inf {h ∈ Z : r(h + s) ≥ q, y(h + s) ≥ κ, s = 0, . . . , p − 1} .

The infimum is taken on a translation-stable observation domain; finite-window reporting
is handled after this query is formed.

COROLLARY A1 (First-passage clock action). For every integer u,

(A20) Dζ(Sux) = Dζ(x) − u.

Hence ρu(d) = d − u, and Proposition A3 gives

(A21) IDζ
(xW , Γ) = Dζ(xW ) + Γ .

If DWζ = Dζ(x
W ) and DGζ = Dζ(x

G) are integrable across units, then

(A22) E[DGζ ] = E[D
W
ζ ] + E[U].
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For finite first-passage values, a pair of endpoint definitions ζ and ζ′ yields an origin-
free difference:

(A23) Dζ′(Sux) −Dζ(Sux) = Dζ′(x) −Dζ(x).

Equation (A23) supplies a crossed clock-by-query restriction. A nonzero mixed difference
across two recorded origins records changes in measurement ingredients beyond a pure
origin shift.

B.1.2. Finite-horizon burden

Let bx(h) ∈ [0,B] be a translation-covariant shortfall path, so bSux(h) = bx(h + u), and
define

(A24) ΞH(x) =
H
∑
h=0

bx(h).

PROPOSITION A5 (Boundary sensitivity of cumulative burden). For every integer u,

(A25) ΞH(Sux) − ΞH(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u
∑
j=1
bx(H + j) −

u−1
∑
j=0

bx( j), u > 0,

0, u = 0,

−1
∑
j=u

bx( j) −
H
∑

j=H+u+1
bx( j), u < 0.

Consequently,

(A26) ∣ΞH(Sux) − ΞH(x)∣ ≤ B∣u∣.

For the normalized burden Ξ̄H = ΞH/(H + 1),

(A27) ∣Ξ̄H(Sux) − Ξ̄H(x)∣ ≤
B∣u∣
H + 1

.

If∑h∈Z bx(h) < ∞, the full-axis burden ΞZ(x) = ∑h∈Z bx(h) satisfies ΞZ(Sux) = ΞZ(x).

B.1.3. Several records for one event

Several recorded clocks can be reconciled by requiring their reindexed paths to agree for
a common latent origin. The joint orbit, its query image, and the compatibility equations
retain a fixed target intervention, physical path, endpoint, and observation domain.
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B.2. Clock-orbit identification

DETAILED PROOF OF PROPOSITION A3. For a realized displacement u ∈ Γ , equation (7)
gives xG = S−uxW . The set of latent paths generated by Γ is therefore OΓ (xW ). Applying
the query action gives

(A28) Q(S−uxW ) = ρ−u(Q(xW )).

Taking the image over u ∈ Γ gives (A17).

B.3. Shift-invariant linear queries

PROOF OF PROPOSITION A4. For a deterministic shift u,

(A29) La(Sux) = ∑
h
ahxh+u = ∑

j
a j−ux j.

Equality across two shifts u, v ∈ S for every x ∈ ℓ1 is equivalent to a j−u = a j−v for every j.
Reindexing gives (A18). The coefficients are invariant under every element of the subgroup
generated by S − S. If this subgroup is Z, all coefficients are equal.

B.4. First passage

PROOF OF COROLLARY A1. For Sux, the endpoint conditions at recorded horizon h are

(A30) r(h + u + s) ≥ q, y(h + u + s) ≥ κ, s = 0, . . . , p − 1.

Thus h qualifies for Sux exactly when h + u qualifies for x. Taking infima gives Dζ(Sux) =
Dζ(x)−u. Substitution into Proposition A3 gives (A21). The pathwise identity DWζ = D

G
ζ −U

gives (A22) after taking expectations.

Equation (A23) follows by applying (A20) to both endpoint definitions and subtracting.

B.5. Finite-horizon burden

PROOF OF PROPOSITION A5. Reindex the shifted burden:

(A31) ΞH(Sux) =
H
∑
h=0

bx(h + u) =
H+u
∑
j=u

bx( j).

For u > 0, subtracting∑Hj=0 bx( j) leaves the u observations entering above H and removes
the u observations starting at zero. For u < 0, it adds the observations from u through −1
and removes the observations fromH + u + 1 throughH. This gives (A25). Since each term

9



TABLE A1. Clock action by query family

Query Transformation under Su Timing object entering recovery

Full-axis cumulative mass T0 T0(Sux) = T0(x) Probability normalization
Temporal moments T0, . . . ,Tr Tr(Sux) = Πr(u)Tr(x) Clock moments through order r
First passage Dζ Dζ(Sux) = Dζ(x) − u Displacement support or moments
Finite burden ΞH Boundary formula (A25) Displacement and boundary path
Full-axis burden ΞZ ΞZ(Sux) = ΞZ(x) Translation action
Point response x(h) (Sux)(h) = x(h + u) Clock displacement

The table records deterministic translation laws. Population averaging over a random U produces the corre-
sponding average-clock objects.

lies in [0,B], the absolute difference is bounded by B∣u∣, which gives (A26); division by
H + 1 gives (A27). For the full-axis burden, absolute summability permits reindexing:

(A32) ΞZ(Sux) = ∑
h∈Z

bx(h + u) = ∑
k∈Z

bx(k) = ΞZ(x).

B.6. Multiple recorded clocks

Suppose J recorded origins satisfy xW j = SU jx
G, and let the joint displacement vector

U = (U1, . . . ,UJ) belong to Γ ⊆ ZJ. For the recorded path vector xW = (xW1, . . . ,xWJ),
define the common latent-path orbit

(A33) O
(J)
Γ
(xW ) = {x ∈ X : ∃u ∈ Γ such that x = S−u jx

W j for every j} .

PROPOSITION A6 (Query set across clocks). For any query Q,

(A34) I
(J)
Q (x

W , Γ) = Q(O(J)
Γ
(xW )) .

If Q admits the clock action ρ and q j = Q(x
W j), then

(A35) I
(J)
Q = {q : ∃u ∈ Γ , q = ρ−u j(q j) for every j, S−u jx

W j = S−ukx
Wk for every j, k} .

For first passage, (A35) requires a common value d = Dζ(x
W j) + u j across recorded

clocks together with a common reindexed path. The first-passage query translates by the
clock displacement. The finite-horizon burden changes through observations entering
and leaving the window. The full-axis burden is translation invariant. Table A1 collects
these transformation laws together with the temporal-moment action.
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PROOF OF PROPOSITION A6. A path x belongs to O(J)
Γ
(xW ) exactly when there is a dis-

placement vector u ∈ Γ with x = S−u jx
W j for every j. Applying Q to this set gives (A34). If Q

admits the action ρ, then each common path satisfies

(A36) Q(x) = Q(S−u jx
W j) = ρ−u j(q j)

for every j. Conversely, a vector u satisfying the query equalities and the common-path
equalities in (A35) defines an element of O(J)

Γ
(xW ) whose query value is q. This gives

(A35).

Appendix C. Linear Query Identification

The operator foundations of Carrasco et al. (2007) and the functional-identification frame-
work of Severini and Tripathi (2006); Santos (2011); Severini and Tripathi (2012) yield Propo-
sition A7, the Hilbert-space null-space/range characterization. The spectral corollary is
its translation-clock specialization, and the variance-minimizing bridge uses generalized
least squares.

C.1. Query identification

PROPOSITION A7 (Linear query characterization). For a ∈H, the query ψa(τ) = ⟨a,τ⟩H is
constant on each fiber {τ : Aτ = m} exactly when

(A37) a ∈ ker(A)⊥ = Range(A∗).

A representation ψa(τ) = ⟨b,m⟩Y by a bounded linear functional on Y exists exactly when

(A38) a ∈ Range(A∗).

Each b satisfying A∗b = a is a bridge for the query. When Range(A∗) is closed, ker(A)⊥ =
Range(A∗), so every identified linear query has a bridge representation.

PROOF OF PROPOSITION A7. Suppose a ∈ ker(A)⊥. If Aτ1 = Aτ2, then τ1 − τ2 ∈ ker(A),
so ⟨a,τ1 − τ2⟩ = 0. Hence the query is constant on the solution set. Conversely, if a has a
component along ker(A), choose v ∈ ker(A) with ⟨a, v⟩ ≠ 0. The paths τ and τ+ v generate
the samem and different query values. For bounded operators between Hilbert spaces,
ker(A)⊥ = Range(A∗). If a = A∗b, then ⟨a,τ⟩ = ⟨b,Aτ⟩ = ⟨b,m⟩. Conversely, suppose the
query equals a bounded linear functional ofm on Y. The Riesz representation theorem
gives b ∈ Y such that ⟨a,τ⟩ = ⟨b,Aτ⟩ = ⟨A∗b,τ⟩ for every τ, hence a = A∗b.
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C.2. Spectral identification

Fourier multiplication is the deconvolution representation; Zinde-Walsh (2014) develops
identification and well-posedness in generalized-function spaces. Here the maintained
spaces are ℓ2(Z) and L2[−π,π]. Use the Fourier transform f̂ (ω) = ∑h f he

−iωh. Proposition
A1 gives

(A39) m̂(ω) = ϕU(ω)τ̂(ω), ϕU(ω) = E[eiωU].

COROLLARY A2 (Spectral identification). The complete path has one value when ϕU(ω) is
nonzero almost everywhere. A query a ∈ ℓ2(Z) has one value when â(ω) vanishes on the zero
set of ϕU , up to sets of measure zero. A bounded bridge exists when

(A40)
â(ω)
ϕU(ω)

∈ L2[−π,π].

PROOF OF COROLLARY A2. The Fourier transform is a unitary map from ℓ2(Z) to
L2[−π,π]. Under this map, the clock operator is multiplication by ϕU . Its null space
consists of functions whose Fourier transforms are supported on the zero set of ϕU . The
complete path has one value exactly when this null space contains only zero, which
holds when the zero set has Lebesgue measure zero. A query belongs to the orthogonal
complement of this null space exactly when its Fourier transform vanishes on the zero set.
The adjoint multiplier is ϕU . The equation A∗b = a therefore has an L2 solution exactly
when â/ϕU ∈ L2.

C.3. Triangulation

Suppose J clocks producem j = A jτ. Define the stacked operator A⊕τ = (A1τ, . . . ,AJτ).

PROPOSITION A8 (Identification frommultiple clocks). The stacked null space satisfies

(A41) ker(A⊕) =
J
⋂
j=1
ker(A j).

A query a has one value under the joint clock system exactly when a is orthogonal to this
intersection. The complete response path has one value when the intersection contains only the
zero element.

PROOF OF PROPOSITION A8. The equality A⊕v = 0 holds exactly when A jv = 0 for every
j. Hence ker(A⊕) = ∩ j ker(A j). Apply Proposition A7 to the stacked operator.
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C.4. Optimal known-clock bridge

LEMMA A2 (Weighted bridge solution). Let Ω be positive definite and suppose a ∈
Range(A⊺). The solution to

(A42) min
b
b⊺Ωb subject to A⊺b = a

is b∗ =Ω−1A(A⊺Ω−1A)+a.

PROOF. Set c = Ω1/2b. The problem becomes minimum Euclidean norm subject to
A⊺Ω−1/2c = a. The Moore–Penrose solution is c∗ = (A⊺Ω−1/2)+a. Transforming back gives
the displayed formula. Substitution verifies the constraint, and the projection property
gives minimal norm.

C.5. Variance factor

For a first-stage covarianceΩ/n, the finite-dimensional bridge has variance b⊺Ωb/n. Sub-
stituting the preceding solution yields

(A43) vA(a) = a⊺(A⊺Ω−1A)+a.

The known-clock calculation conditions on A, and the estimated-clock calculation adds
its estimation uncertainty.

Appendix D. Cohort Heterogeneity and ClockMixing

D.1. Latent cohort mixing

Let G be a finite set of latent treatment cohorts andW a finite set of recorded clock cells.
Define

(A44) Qwg = P(Gi = g ∣Wi = w).

For each calendar time t, let θg,t be the group-time effect in (3). Letmw,t denote the causal
contrast for clock cell w after removal of the untreated counterfactual.

ASSUMPTION A1 (Cohort-cell clock condition). For every g,w, t with positive cell probability,

(A45) E[Yit(g) − Yit(∞) ∣ Gi = g,Wi = w] = θg,t.

13



PROPOSITION A9 (Clock mixing). Under Assumption A1,

(A46) mw,t = ∑
g∈G

Qwgθg,t.

Writing mt = Qθt, a cohort query c⊺θt has one value exactly when c ∈ Range(Q⊺).

Equation (A46) separates cohort heterogeneity from clock mixing. The matrix Q can
come from linked administrative records, a validation sample, or a maintained timing
model.

D.2. Baselines under interval timing

Suppose unit i has interval timing information Gi ∈ [Gi,Gi]. Proposition 1 supplies a
recorded-horizon causal contrast from a baseline ri < Gi and an identified untreated
change. For clock cell w, the same construction yieldsmw,t. Proposition A9 then maps
that causal contrast into latent cohort effects through Qwg.

PROOF OF PROPOSITION A9. Iterated expectation gives

mw,t = ∑
g
P(Gi = g ∣Wi = w)E[Yit(g) − Yit(∞) ∣ Gi = g,Wi = w](A47)

= ∑
g
Qwgθg,t,(A48)

where the second equality uses Assumption A1. The query statement follows from Propo-
sition A7 applied to the finite matrix Q.

D.3. Conditional cells and pooled response

Let Gi = 0, let Xi ∈ {0, 1} have equal probabilities, and let Ui = Xi. Set τi,h = (1 +Xi)1{h = 0}.
Within a cell defined by Gi and Xi, the response mean is invariant across the recorded-
clock support, which has one value. In the pooled population the mean latent response
has mass 3/2 at horizon zero. The recorded mean has masses

(A49) m−1 = 1, m0 =
1
2
,

and zero elsewhere. Applying the pooled marginal clock to the pooled mean response
givesmasses 3/4 at each of these horizons. Thus conditionalmixing retains the association
between the cell’s response and its clock law.

(A50) T0 =
3
2
, T1 = 0, M1 = −1, µ1 =

1
2
, Cov(Ui,T0i) =

1
4
.
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Equation (39) recovers T1 = −1+(1/2)(3/2)+ 1/4 = 0. This finite construction demonstrates
the aggregation condition. The unit-response quantities in this illustration are specified
potential-outcome contrasts; an empirical implementation obtains such contrasts under
its causal design.

Appendix E. Estimated Clock Operator

Unknown-operator estimation is studied in inverse-problem settings. Johannes et al.
(2011) derive nonparametric rates under regularity and operator-link conditions. Kato and
Sasaki (2018) construct density bands using an auxiliary error sample; Kato et al. (2021)
use repeated-measurement moment restrictions for inference with partial identification.
Functional estimation has query-specific regularity and rates (Santos 2011; Breunig and
Johannes 2016). A differentiable finite-dimensional validationmodel and an asymptotically
linear first stage yield the representative-invariance condition for the clock derivative and
local query membership needed for differentiable selection in the delta method.

A validation sample can link a recorded timing signal to a latent or higher-resolution
timing measure. Let η ∈ Rq index the clock operator implied by that validation model. The
causal sample supplies m̂, and the validation sample supplies η̂ and its covariance.

TABLE A2. Clock-information regimes

Clock regime Timing input supplied by the anal-
ysis

Statistical object

Known clock A, moments, or displacement sup-
port

Query equation from Table 2

Estimated clock η̂, Vη, and A(η) Stable-bridge variance
Operator sequence An andΩn Bridge variance and projection set
Clock-law set P and response restrictions T Attainable query set

Query type and clock-information regime form separate coordinates. A given query can be studied under
each regime supported by the data and maintained model.

E.1. Finite-moment scheduling derivatives

For g in (45), write a =M1/M0 + µ1 and v =M2/M0 − (M1/M0)
2 − µ2 + µ

2
1 . OnM0 > 0, the

two Jacobian rows are

Da =
⎛

⎝
−
M1
M2
0
,
1
M0

, 0, 1, 0
⎞

⎠
,(A51)

Dv =
⎛

⎝
−
M2
M2
0
+
2M2

1
M3
0
,−
2M1
M2
0
,
1
M0

, 2µ1,−1
⎞

⎠
.(A52)
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Ordinary differentiation gives these expressions. A joint central limit theorem for the
five input estimates yields the covariance used in the implementation. The sampling
law and its consistent covariance estimate are supplied by the response and validation
designs. A clock law imposed as a sensitivity specification is treated as a fixed input to this
calculation.

E.2. The provision-cost contrast and its uncertainty

This calculation specializes the smooth finite-moment map to the economic decision.
WithD =M2−M2

1 /M0−M0(µ2−µ
2
1), equation (47) is∆ = γD−K. Its derivative with respect

to z = (M0,M1,M2,µ1,µ2) is

(A53) ∇z∆ = γ
⎛

⎝

M2
1

M2
0
− µ2 + µ

2
1 , −

2M1
M0

, 1, 2M0µ1, −M0
⎞

⎠

⊺

.

Differentiating with respect to γ and K gives D and −1. Under the stated joint CLT and
positive-mass conditions, the asymptotic variance is the quadratic form of this full gradi-
ent and the joint input covariance. The n/nv factor in equation (46) converts validation
uncertainty to the response-sample normalization. Overlapping samples retain their cross-
covariance. These are consequences of the supplied joint CLT, and place no new root-n
assertion on a particular first-stage estimator.

For completeness, if a denotes the relevant full gradient and only the marginal asymp-
totic standard deviations s j of the inputs are known, every covariance matrix Σ with these
diagonal entries satisfies

(A54) a⊺Σa ≤
⎛
⎜
⎝
∑
j
∣a j ∣s j

⎞
⎟
⎠

2

.

Positive semidefiniteness gives ∣Σ jk∣ ≤ s jsk; expanding the quadratic form proves the in-
equality. It is attained over the unrestricted covariance class by Σ jk = s jsk sgn(a j) sgn(ak),
with arbitrary signs at zero coordinates. This is the elementary worst-correlation calcula-
tion used in calibration inference by Cocci and Plagborg-Møller (2025, Lemma 1). Known
sampling restrictions can reduce the class and the bound. A marginal standard-error list
therefore has a different interpretation from an assumption of independent inputs. The
empirical gas calculations retain their original covariance procedures.
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E.3. Stable bridges

Let A(η) ∈ RJ×H be differentiable in η. Write A0 = A(η0) and

(A55) A j =
∂A(η)
∂η j

RRRRRRRRRRRη=η0

, j = 1, . . . , q.

The population causal moment satisfiesm = A0τ, and the query is ψ = a⊺τ.

DEFINITION A2 (Stable bridge). A vector b ∈ RJ is a stable bridge for a when

(A56) A⊺0b = a, A⊺j b ∈ Range(A
⊺
0) for j = 1, . . . , q.

The stable dual space is S = {b : A⊺j b ∈ Range(A
⊺
0), j = 1, . . . ,q}, and the stable bridge set for

query a is Bs(a) = {b ∈ S : A⊺0b = a}.

The first condition identifies the query conditional on the clock. The remaining con-
ditions identify the first-order sensitivity of that query to each clock direction. A bridge
b admits a local bridge path when there is a neighborhood Nb of η0 and a continuously
differentiable map βb : Nb → RJ satisfying βb(η0) = b and A(η)⊺βb(η) = a throughout Nb.

E.4. Observable clock sensitivity

Let R0 be any right inverse on Range(A0), so A0R0m = m. Define

(A57) Γm(b) = (b⊺A1R0m, . . . ,b⊺AqR0m)
⊺ .

ASSUMPTION A2 (Local bridge selection). Every b ∈ Bs(a) admits a local bridge path. The
learned-clock estimator associated with b evaluates βb(η̂)

⊺m̂.

PROPOSITIONA10 (Rank condition for local bridge selection). Suppose A(η) is continuously
differentiable on a neighborhood N of η0, rankA(η) is constant on N, and a ∈ Range(A(η)⊺)
for every η ∈ N. Then Assumption A2 holds. For b ∈ Bs(a), one bridge path is

(A58) βb(η) = (A(η)
+
)
⊺a + {IJ −A(η)A(η)+}{b − (A+0 )

⊺a} .

The construction uses differentiability of the Moore–Penrose inverse on a constant-
rank neighborhood (Golub and Pereyra 1973). In that neighborhood, if query membership
holds, the same formula extends every base bridge satisfying A⊺0b = a. Lemma A4 then
implies stability for every such bridge. Thus, in this regular regime the stability restriction
is implied by local identification.

First-order stability alone concerns a derivative at the reference model. For example,
take A(η) = (1,η2), a = (1, 0)⊺, η0 = 0, and b = 1. The rank equals one throughout, and
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A′0 = 0 makes b stable at zero. For each η ≠ 0, query membership fails: the first component
of A(η)⊺β = a forces β = 1, and the second requires η2 = 0. This example locates the
separate local-membership requirement. For a parametric validation model, rank can be
tracked through singular values, and query membership through

(A59) ra(η) = ∥{IH −A(η)+A(η)}a∥ .

A maintained neighborhood with constant rank and ra(η) = 0 supplies the local selection
used by the plug-in calculation.

THEOREM A1 (Inference with an estimated clock operator). For every stable bridge b, the
vector Γm(b) is invariant to the choice of R0 and satisfies

(A60) Γm(b) = (b⊺A1τ, . . . , b⊺Aqτ)
⊺ .

Let m̂ and η̂ be asymptotically linear estimators from independent samples of sizes n and N,
with N/n → ρ ∈ (0,∞), finite influence covariancesΩm and Vη, and the corresponding joint
Gaussian limit. Under Assumption A2, define

(A61) D̃(m) = [A1A+0m, . . . ,AqA
+
0m] .

The learned-clock estimator has first-order variance

(A62) V(b) = b⊺Ωmb + ρ−1Γm(b)⊺VηΓm(b) = b⊺Ωobs
FC b,

where

(A63) Ωobs
FC =Ωm + ρ

−1D̃(m)VηD̃(m)⊺.

The quadratic form in (A62) is invariant across right-inverse representatives on the stable bridge
space.

E.5. Optimal stable bridge

Let N0 be a matrix whose columns span ker(A0), and set

(A64) C = [A1N0, . . . ,AqN0] , L = [A0,C], d = (a⊺, 0⊺)⊺.

The stable constraints are L⊺b = d.
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COROLLARY A3 (Optimal stable bridge). Suppose the stable bridge set is nonempty andΩobs
FC

is positive definite. The bridge minimizing (A62) is

(A65) b∗st = (Ω
obs
FC )

−1L [L⊺(Ωobs
FC )

−1L]
+
d.

The minimum variance is

(A66) V∗st = d
⊺
[L⊺(Ωobs

FC )
−1L]

+
d.

The learned-clock query space is A⊺0S. It is contained in Range(A
⊺
0), the query space

conditional on a known clock.

E.6. Stable bridge characterization

LEMMA A3 (Stability equivalence). For b ∈ RJ, the following statements are equivalent for
each j: A⊺j b ∈ Range(A

⊺
0); b

⊺A jv = 0 for every v ∈ ker(A0); (A jN0)⊺b = 0 for a basis matrix N0
of ker(A0).

PROOF. Finite-dimensional orthogonality gives Range(A⊺0) = ker(A0)
⊥. The second

and third statements express orthogonality to the same subspace.

LEMMA A4 (Local bridge path implies stability). Let b satisfy A⊺0b = a. If there is a neighbor-
hood of η0 and a continuously differentiable map βb satisfying βb(η0) = b and A(η)

⊺βb(η) = a
on that neighborhood, then b satisfies Definition A2.

PROOF. Differentiate A(η)⊺βb(η) = a with respect to η j at η0. The derivative satisfies
A⊺j b +A

⊺
0 β̇b, j = 0, so A

⊺
j b = −A

⊺
0 β̇b, j ∈ Range(A

⊺
0) for every j.

PROOF OF PROPOSITION A10. Constant rank and continuous differentiability imply con-
tinuous differentiability of A(η)+ onN. Query membership gives A(η)⊺(A(η)+)⊺a = a. For
z0 = b − (A+0 )

⊺a, the bridge equation at η0 gives z0 ∈ ker(A⊺0), so {IJ − A0A
+
0}z0 = z0. For

every η, the matrix IJ −A(η)A(η)+ projects onto ker(A(η)⊺). Equation (A58) is therefore
continuously differentiable, equals b at η0, and satisfies A(η)⊺βb(η) = a throughoutN.

E.7. Observable sensitivity

DETAILED PROOF OF THEOREM A1. Let R0 satisfy A0R0m = m. Sincem = A0τ,

(A67) A0(τ − R0m) = 0,
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so τ = R0m + v for some v ∈ ker(A0). For a stable bridge, Lemma A3 gives b⊺A jv = 0, and
therefore

(A68) b⊺A jτ = b
⊺A jR0m.

This identity proves (A60). If R1 is another right inverse on the range, then (R0 − R1)m ∈
ker(A0), so the same stability argument gives right-inverse invariance. For the influence
expansion, let

√
n(m̂ −m) =

1
√
n

n
∑
i=1
ξi + op(1),(A69)

√
N(η̂ − η0) =

1
√
N

N
∑
j=1
ζ j + op(1).(A70)

Assumption A2 supplies the differentiable map βb(η). Differentiation gives

(A71) A⊺j b +A
⊺
0 β̇b, j = 0.

Sincem = A0τ,

(A72) β̇⊺b, jm = τ
⊺A⊺0 β̇b, j = −τ

⊺A⊺j b = −b
⊺A jτ = −Γm(b) j.

A first-order expansion yields

(A73)
√
n(ψ̂ −ψ) =

1
√
n

n
∑
i=1
b⊺ξi − ρ

−1/2 1
√
N

N
∑
j=1
Γm(b)⊺ζ j + op(1).

Independence of the samples gives

(A74) V(b) = b⊺Ωmb + ρ−1Γm(b)⊺VηΓm(b).

Using the Moore–Penrose representative A+0m yields Γm(b) = D̃(m)⊺b on the stable bridge
space, which gives (A63).

E.8. Optimal stable bridge

PROOF OF COROLLARY A3. Lemma A3 gives the constraints A⊺0b = a and C
⊺b = 0, or

L⊺b = d. Apply Lemma A2 with A replaced by L, a replaced by d, andΩ replaced byΩobs
FC .

The objective equals the first-order variance on the feasible set by Theorem A1.
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E.9. Same-sample extension

Suppose the causal moment and clock parameter are estimated from a common sample.
Let Σmη = Cov(ξ,ζ). The influence function is b⊺ξ − Γm(b)⊺ζ, so

(A75) Vsame(b) = b⊺Ωmb + Γm(b)⊺VηΓm(b) − 2b⊺ΣmηΓm(b).

Since Γm(b) = D̃(m)⊺b on the stable space,

(A76) Vsame(b) = b⊺ {Ωm + D̃VηD̃⊺ − ΣmηD̃⊺ − D̃Σ⊺mη}b.

The same constrained quadratic program applies with this covariance matrix.

E.10. A local regularity condition

The stable bridge restriction has a pathwise interpretation. Let h ∈ Rq be a clock tangent
and write Ȧ[h] = ∑ j h jA j. Suppose v ∈ ker(A0) and Ȧ[h]v ∈ Range(A0). Choose δ with
A0δ = −Ȧ[h]v. The paths (η0 + th,τ0) and (η0 + th,τ0 + v + tδ) have the same observed-
moment derivative at t = 0. Their query derivatives differ by

(A77) a⊺δ = −b⊺Ȧ[h]v.

A stable bridge makes this difference equal to zero for every such h, v. A nonzero value
produces two observationally equivalent first-order paths with different query derivatives.
Definition A2 is a first-order compatibility condition. Assumption A2 supplies the local
differentiable bridge selection used by the plug-in estimator. Proposition A10 gives a finite-
dimensional route through constant rank and query membership over a neighborhood.

Appendix F. Clock-Operator Sequences and Projection Inference

The calculations below use the Gaussian information bound and projection of a moment
confidence region. Functional efficiency bounds are developed by Severini and Tripathi
(2012); Santos (2012) and Kaido et al. (2019) study inference on partially identified models
and their projections. The calculation uses aGaussian ellipsoidwith knowncovariance and
its own coverage statement. The clock operator indexes the geometry of this experiment.

Consider a sequence of finite-dimensional experiments indexed by n. The population
moment ismn = Anτn, and

(A78)
√
n(m̂n −mn) ↝ N(0,Ωn).
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For a query a⊺nτn, define

(A79) vn(an) = inf
b:A⊺nb=an

b⊺Ωnb,

with value +∞ when the bridge set is empty.

PROPOSITIONA11 (Bridge variance in aGaussian clock experiment). SupposeΩn is positive
definite and the bridge set is nonempty. Then

(A80) vn(an) = a⊺n(A
⊺
nΩ
−1
n An)

+an.

In the Gaussian shift experiment, vn(an)/n is the information lower bound for regular estimation
of a⊺nτn. A bounded sequence vn(an) yields bounded root-n variance through the variance-
minimizing bridge. A diverging sequence yields a diverging root-n variance bound.

PROOF. The closed form follows from Lemma A2. In the Gaussian shift experiment
m̂n ∼ N(Anτn,Ωn/n), the information matrix for τn is In = A⊺nΩ−1n An. The generalized
information bound for a⊺nτn is a⊺nI+nan/n = vn(an)/n. The variance-minimizing bridge
estimator attains this bound.

The quantity vn(an) is indexed by the query loading, clock operator, and causal-
moment covariance. A single operator sequence can therefore generate different variance
paths across query loadings.

F.1. Projection inference

Let m̂ ∈ RJ , letΩ be positive definite, and write vA(a) = a⊺(A⊺Ω−1A)+a. Define

(A81) Qn(τ) = n(m̂ −Aτ)⊺Ω−1(m̂ −Aτ).

In the Gaussian model with knownΩ, inversion of the J-dimensional moment ellipsoid
gives the query set

(A82) C1−α = {a⊺τ : Qn(τ) ≤ χ2J,1−α}.

Let τ̂ be a generalized least-squares minimizer and Qmin = Qn(τ̂). For an identified query,
constrained quadratic minimization gives

(A83) inf
τ:a⊺τ=ψ

Qn(τ) = Qmin +
n(ψ − a⊺τ̂)2

vA(a)
.
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Hence the projection set is

(A84) a⊺τ̂ ±
√
vA(a)

¿
Á
ÁÀχ2J,1−α −Qmin

n

whenever Qmin ≤ χ2J,1−α. The construction remains defined when the clock operator is
singular because optimization is performed over the moment equation and query image.

Appendix G. Clock Laws Specified as a Set

The identified-set construction takes the query image of all environments satisfying the
observation equation and maintained restrictions (Tamer 2010; Molinari 2020). Several
recorded dates, interval restrictions on timing error, or a validation analysis can define a
setP of clock laws. Response restrictions define a set T. LetA(p) denote the clock operator
generated by p ∈ P. Define

(A85) Θa(m) = {a⊺τ : m = A(p)τ, p ∈ P, τ ∈ T}.

PROPOSITION A12 (Attainable query set under a clock set). In the common-response
additive-clock model with clock independence, every element of Θa(m) is generated by an
admissible data-generating process. Hence Θa(m) equals the identified query set for that
maintained class.

PROOF. Take any pair (p,τ) satisfyingm = A(p)τ, p ∈ P, and τ ∈ T. Set Gi = 0 for every
unit. Draw Ui independently from p, and setWi = Ui. Let Yit(∞) = εit and Yit(0) = εit + τt,
where εit has mean zero and is independent of Ui. The recorded-clock causal response is
E[τℓ+U] = A(p)τ = m, and the query equals a⊺τ. Every feasible query value is attained.

G.1. Bilinear geometry

The restrictionm = A(p)τ is bilinear in p and τ. A two-point clock with P(U = 1) = p and a
zero pre-event response givesm−1 = pτ0. Fixingm−1 = 1 yields the feasible curve pτ0 = 1.

G.2. Fixed-clock shape programs

Fix p and let T = {τ : Cτ ≤ d}. The lower endpoint of a query solves

(A86) v−(p) =min
τ
a⊺τ subject to A(p)τ = m, Cτ ≤ d.
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When the primal is feasible and has a finite optimum, its linear-program dual is

(A87) v−(p) = max
y∈RJ , z≥0

{y⊺m − z⊺d : A(p)⊺ y − C⊺z = a}.

The vector y is a data bridge and z is themultiplier on the shape restrictions. Nonnegativity,
monotonicity, bounded first differences, and discrete curvature restrictions enter through
Cτ ≤ d.

G.3. Candidate clocks and profiling

For a finite set P = {p(1), . . . , p(M)}, define v+(p) by replacing the minimization in (A86)
with maximization. Then

(A88) Θa(m) =
M
⋃
r=1
[v−(p(r)), v+(p(r))].

For a low-dimensional family p(λ), each λ indexes a fixed-clock program and the outer
calculation profiles the endpoint functions over λ.

G.4. Two-point recursion

Suppose U ∈ {0, 1}, P(U = 1) = p > 0, and τh = 0 for h < 0. Then

(A89) mℓ = (1 − p)τℓ + pτℓ+1.

The latent path is a function of p:

(A90) τ0(p) =
m−1
p
, τh+1(p) =

mh − (1 − p)τh(p)
p

.

Shape restrictions select an admissible subset of p, and the query set is the image of that
subset under a⊺τ(p).

Appendix H. Numerical Details

The first numerical example uses latent horizons −4, . . . , 8, with τ0 = 2, τ1 = 4, τ2 = 3,
τ3 = 2, τ4 = 1, and zero elsewhere. The clock law assigns probability one half to U = 0
and one half to U = 2. The recorded response is mℓ = (τℓ + τℓ+2)/2. The totals satisfy
∑h τh = ∑ℓmℓ = 12. For the spectral figure, the clock characteristic function is

(A91) ϕU(ω) =
1 + exp(2iω)

2
= exp(iω) cos(ω),
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FIGURE A2. Clock multiplier for a two-point timing error

The clock error satisfies P(U = 0) = P(U = 2) = 1/2, so ϕU(ω) = {1 + exp(2iω)}/2 and ∣ϕU(ω)∣ = ∣ cos(ω)∣.

so its modulus is ∣ cos(ω)∣. Its zeros occur atω = ±π/2 on [−π,π].

Appendix I. European Gas Data and Additional Calculations

I.1. Daily network data and baseline construction

Daily network quantities come from ENTSOG operational records and country-level gas
balances come from Eurostat (European Network of Transmission System Operators for
Gas 2025; Eurostat 2025). The flow panel is organized at the country–point–direction–day
level. When both reporting sides are available for a directed country pair, the country-pair
flow uses their average; single-side observations use the available side. Quantities are
converted to common daily energy units before aggregation. The analysis keeps route
direction, physical point type, and observation dates with each point.

The pre-event service scale uses 2021 observations. Service combines net pipeline
entry, LNG, production, and storage withdrawal; storage injection remains a separate
quantity. Four component baselines are estimated from 2021 daily data using an intercept,
annual sine–cosine terms, and degree-day weather. Predictions enter the denominator
Bit in (53). The Russian-service allocation and the external, production, and withdrawal
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adjustments add to the fixed-scale service measure. Market-days with missing aggregate
service remain missing in the response path.

I.2. Response profile and temporal resolution

For reporting temporal dispersion, the stored calculation places each weekly mass at its
midpoint hk = 3 + 7k. Denote that coarsened variance by V̂

N,mid
W . The daily step profile in

(50) adds a within-week variance of four squared days:

(A92) V̂NW = V̂
N,mid
W + 4.

The centroid and mass coincide under both resolutions. The variance row reported below
uses the weekly-midpoint resolution; the daily-profile point estimate is 29.95 squared
days. A loss calculation uses the dispersion at its own delivery resolution. The constant
four leaves the delta gradient unchanged. Online Appendix I gives the identity and the
corresponding delta calculation.

TABLE A3. Three-week response profile

Event week Daily response Cluster-t14 95% interval Delete-one range

0 (days 0–6) 11.58 pp [-5.45, 28.61] [-0.04, 14.49]
1 (days 7–13) 27.43 pp [10.92, 43.94] [15.88, 29.32]
2 (days 14–20) 34.62 pp [11.39, 57.85] [20.15, 39.96]

Each coefficient is constant within its seven-day bin in (50). Cluster intervals use a Student t critical value
with 14 degrees of freedom. Delete-one columns re-estimate the weekly profile after removing one market.

I.3. Network response estimation

The event-study sample covers May 24 through July 4, 2022. Event week −1 is the reference
week; weeks −3,−2, 0, 1, 2 interact pre-event Nord Stream exposure with week indicators.
Market and calendar-day effects and heating and cooling degree-day controls match the
specification in (49). The 21- and 28-day averages use 645 and 855market-days, respectively,
from the same fifteen exposure units.

For window j ∈ {21, 28}, let Sg j denote market g’s score for the zero-coefficient null
after partialling out the controls and fixed effects. The exact test enumerates the same 215

sign vectors for both windows and compares each observed statistic to

max
j∈{21,28}

∣∑g ξgSg j∣

(∑g S2g j)
1/2 .
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The resulting familywise p-values are 0.0272 for the 21-day window and 0.0086 for the 28-
daywindow. Themarginal exact values, 0.0097 and 0.0086, are retained in the reproduction
output.

For the three post-event weekly coefficients, let b = (β̂0, β̂1, β̂2)⊺, h = (3, 10, 17)⊺, and
s = 1⊺b. ForM = 7s, a = b⊺h/s, e2 = b⊺(h ○ h)/s, and V = e2 − a2, the delta gradients are

(A93) ∇bM = 71, ∇ba =
h − a1
s

, ∇bV =
h ○ h − e21 − 2a(h − a1)

s
.

With the market-clustered covariance matrix Σ̂b, the standard error for the weekly-
midpoint functional is (∇q⊺Σ̂b∇q)1/2, and intervals use the t14 critical value. The profile
has mass 515.43 percentage-point days, centroid 12.19 days, and weekly-midpoint variance
25.95 days squared. Delete-one estimates give mass 251.95–584.76, centroid 11.71–13.93,
and variance 11.97–27.45. For the daily step profile, write a day in bin k as hk + J, where J is
uniform on {−3,−2,−1, 0, 1, 2, 3}. The same within-bin distribution in each bin has mean
zero and variance 28/7 = 4. It follows that the full daily variance is the midpoint variance
plus four. This constant leaves the delta gradient unchanged and shifts a variance interval
or delete-one range by four squared days. The displayed midpoint statistics are retained
at their original resolution.

Alternative service scaling gives 21- and 28-day estimates of 33.2 and 40.0 percentage
points with unscaled point data, 26.6 and 28.8 with leave-month-out 2021 scaling, and 17.4
and 19.0 with contemporaneous scaling. The designated specification uses the fixed 2021
scale.

I.4. Physical timing around June 2022

The regulator reference follows the Bundesnetzagentur and Bundeskartellamt Monitoring
Report 2022, which records Nord Stream 1 near 60 percent of maximum capacity on June
14 and 40 percent on June 15 (Bundesnetzagentur and Bundeskartellamt 2022). The binary
event design uses June 14 as the first reduction date.

For a route flow Xt, let at be the median of the preceding fourteen covered daily
observations. A screen with drop threshold d and persistence p records a start date t when

(A94) Xt+s ≤ (1 − d)at, s = 0, . . . , p − 1.

The baseline must exceed one percent of the route’s positive 2021-day median, and every
observation used in the persistence windowmust be covered. Applying the rule grid to
Nord Stream flows within seven days of June 14 gives two distinct starts, June 13 and June
16. These dates produce the physical-origin sensitivity set used in Table 4.
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FIGURE A3. Physical timing candidates around recorded origins

The panels report route-flow timing candidates generated by the stated drop-and-persistence rule. The main
text uses the June 2022 Nord Stream candidates within the specified neighborhood of the regulator reference.

I.5. Population clock calculation

The population-clock exercise uses Czechia, Germany, Finland, Croatia, Hungary, Italy,
and Slovenia, which have complete paths over the target window. Their daily residual-
service shares are averaged on the 2022–2024 calendar support and the resulting target is
extended by zero outside that support. Let z denote this target. Applying the candidate
displacement law to z produces the recorded pathm = Apz. The cumulative target is 172.85
share-days.

The disclosure sequence applies the moment equations in (54). Support information
yields ranges for the first two latent moments, the clock mean fixes the temporal centroid,
and the second clock moment fixes the second latent raw moment. The resulting values
are shown below.

This calculation treats the target path and candidate displacement law as fixed in-
puts to the policy formulas. Sampling uncertainty for the network response and timing
uncertainty from the physical candidates enter through their corresponding exercises.

I.6. Documentary operator timing

Operator and supplier records provide civil dates for named physical interruptions. Gasum
and Gasgrid document the Imatra shutdown, GRTgaz documents the Germany–France
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TABLE A4. Clock information and recovered temporal moments

Timing information T0 T1/T0 T2/T0

Normalization + envelope 172.85 [218.93, 491.93] [153,132.71, 347,197.59]
+ mean displacement 172.85 398.97 [247,638.58, 263,530.54]
+ second moment 172.85 398.97 256,259.76
Full candidate law 172.85 398.97 256,259.76

The target is the windowed seven-market residual-service path. Temporal location uses days and the normal-
ized second raw moment uses days squared. The first two rows use the empirical displacement support and
moment compatibility.

interruption, and Gasgrid documents the Balticconnector shutdown (Gasum 2022; Gasgrid
Finland 2022; GRTgaz 2022; Gasgrid Finland 2023). The Gasgrid English-bulletin frame for
2021–2024 contains linked notices for the Imatra shutdown, Balticconnector shutdown,
and Balticconnector reopening. Restricting this frame to abrupt shutdowns on retained
ENTSOG routes leaves Imatra and Balticconnector.

TABLE A5. Events in the Gasgrid bulletin frame

Event Linked bulletins Catalogue decision Detected offset

Balticconnector shutdown 2 Included +0 days
Balticconnector reopening 2 Excluded: reopening —
Imatra shutdown 2 Included +0 days

Linked notices are consolidated at the event level. Eligibility uses the event type and the presence of the
corresponding ENTSOG route. Detected offsets use civil dates.

The reference rule uses an 80-percent drop sustained for three days relative to the
preceding fourteen-day median. It matches the documented civil date for both eligible
Gasgrid shutdowns and the named Germany–France interruption. Across drop thresholds
from 20 to 80 percent, Imatra and Balticconnector also satisfy the 7- and 14-day conditions.
The Germany–France interruption resumes before those longer persistence horizons. The
complete twelve-rule grid remains in the reproduction output.

Civil-date records correspond to adjacent compatible gas-day labels when the intraday
onset is unresolved. The resulting displacement set enters sensitivity analysis as a finite
set. Extending the empirical clock law across operators, periods, or disruption classes
requires a stated event-selection and transfer model.
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Appendix J. Policy Queries and Validation Information

J.1. Proofs for the decision results

The proofs of Proposition 2 and Theorem 2 appear beside their statements in the main
paper. The bridge proof and additional constructions follow here.

PROOF OF PROPOSITION 4. The first statement applies the definition of decision identi-
fication to the environment fiber. Under (43), adjointness gives ⟨qa − qb,τ⟩ = ⟨vab,s,Apτ⟩ =
⟨vab,s,m⟩, so every pairwise loss difference is constant on the fiber. If a variable-loss con-
trast takes opposite signs in two environments, a relative fixed cost chosen between those
two contrast values reverses the associated two-action ranking.

Policy regret compares an action with the action optimal in each admissible state
(Manski 2004; Stoye 2009, 2012). Montiel Olea et al. (2026) study sampling-based treatment
rules with Gaussian likelihood and partial identification, including the role of random-
ization. The calculation here conditions on a population moment region and optimizes
over deterministic dates and a flexible-provision action. Its formulas translate the clock-
information region into that specified decision problem; randomization and sampling
risk would define an enlarged problem.

J.2. Execution clocks and decision comparisons

Proposition 2 fixes a nonnegative need profile and quadratic mismatch loss. For a ∈ [a,a],
the scheduled solution projects h̄ onto the interval, with cost γT0{Vτ+dist(h̄, [a,a])2}. The
application admits every reported centroid. The loss coefficient and flexible performance
are maintained primitives; physical data measure the profile.

Recorded-origin deployment occurs at Gi +Ui + a. Reindex ℓ = h −Ui and average to
obtain (18); absolute cross-moment integrability permits the interchange. Under mean
response independence from Ui, optimized recorded-origin and verified-origin losses are
γT0Vm and γT0Vτ. An execution-systemupgrade is preferred to continued recorded-origin
scheduling when its cost is below their difference, γT0Var(U), provided it enables action
at the selected verified-origin date and holds the profile fixed. Learning the law from a
validation sample changes the information set used to evaluate this investment. Its value
depends on the resulting decision rule and acquisition cost.

Response–clock association matters for the sign of the comparison between fixed-
origin rules. Give equal weight to units with (Ui,τi) = (0,δ0) and (2,δ2). The recorded
path is δ0, with scheduled loss zero; the reference path is (δ0 + δ2)/2, with minimum
common-offset loss γ. The common-mean condition in (19) excludes this association. A
system that retains recorded-origin execution as an option can continue to use that rule.

30



The example distinguishes two fixed-origin classes from an enlargement of the feasible
action set.

J.3. Observational equivalence and policy choices

Let δ j denote unit mass at j. For the first-order example take (p,τ) = (δ0,δ1) and (p′,τ′) =
(δ1,δ2). Both recorded paths equal δ1; the optimal reference-origin scheduled dates are
one and two. The second-order environments and their mode comparison are displayed
in Section 3.2. For a fixed cost, compatible environments can also choose the same mode;
the comparison is evaluated at that cost.

J.4. Moment regions and deterministic minimax regret

Let c =M1/M0,V = Vm, and let S be the retainedfinite displacement supportwith endpoints
L and U. Write µ = E[Ui] and w = Var(Ui). The compatible clock moments satisfy

(A95) L ≤ µ ≤ U, wmin(µ) ≤ w ≤ (U − µ)(µ − L), h̄ = c + µ, v = V −w ≥ 0.

If consecutive support points s− ≤ µ ≤ s+ bracket themean, thenwmin(µ) = (µ−s−)(s+−µ);
at a support point the lower bound is zero. The lower bound follows from the lower convex
envelope of u2 on S, and the upper bound follows from (u − L)(u −U) ≤ 0. Both bounds
are attained by two-point laws. Interpolating those laws gives the intervening variances at
a fixed mean.

The region imposes moment compatibility and nonnegative response variance. Full
recorded-path compatibility can further restrict the admissible clock law and response.
Calculated regret on this region therefore bounds regret on the full compatible set. The
computations condition on the empirical target, displacement support, and disclosed
moments. Sampling uncertainty belongs to the corresponding estimation stage.

A finite check on the relaxation. Take the normalized recorded profile m = (δ−1 + δ1)/2
and a candidate clock p = (δ0 + δ1)/2. The recorded mean and variance are zero and one.
The candidate has mean 1/2 and variance 1/4, so moment correction gives a latent mean
of 1/2 and variance 3/4. A nonnegative profile with those moments is 3δ0/4 + δ2/4. Yet
the candidate clock is incompatible with the full recorded profile for any nonnegative
response. Indeed,m−2 = 0 requires τ−2 = τ−1 = 0, andm0 = 0 requires τ0 = τ1 = 0, whereas
m−1 = 1/2 requires τ−1 + τ0 = 1. This finite example uses the existing averaging equation
and shows why the moment region is an outer relaxation. It is an algebraic diagnostic,
separate from the empirical clock candidates.

With support information alone, h̄ ∈ [c + L, c +U], v− = max{0,V − (U − L)2/4}, and
v+ = V . With the clock mean disclosed, h̄ = c + µ, v− = max{0,V − (U − µ)(µ − L)},
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and v+ = V − wmin(µ). Disclosing the variance gives v− = v+ = V − Var(Ui). Feasible
disclosed moments are required. Let [a−,a+] denote the corresponding mean range and
set d2 = (a+ − a−)2/4.

PROPOSITION A13 (Regret on the moment regions). For these three regions, the minimax
scheduled date is amm = (a− + a+)/2, and the mode-specific worst regrets are

(A96) RS(λ) = d
2
+ (v+ − λ)+, RF(λ) = (λ − v−)+, R∗(λ) =min{RS(λ),RF(λ)}.

Flexibility is the minimax choice below the switch, scheduling is the choice above it, and both
are minimax at

(A97) λ∗ =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

(v− + v+ + d2)/2, d2 ≤ v+ − v−,

v− + d2, d2 > v+ − v−.

Moreover, supλ≥0 R∗(λ) =max{d2,λ∗ − v−}.

PROOF. At state (h̄, v), scheduled regret is (a − h̄)2 + (v − λ)+, and flexible regret is
(λ − v)+. In the support-only region, the endpoint point-mass clocks attain h̄ = c + L, c +U
and v = V , simultaneously maximizing the relevant upper envelopes. Their maximum
is minimized at the midpoint. In the other two regions the mean is fixed and the upper
variance is attainable. The lower variance gives flexible regret. When v− = 0 is active, its
feasibility follows by continuously varying an endpoint two-point law in the support-only
region, or by interpolating the two extremal laws with the disclosed mean in the fixed-
mean region, until clock variance reaches V . Equating the twomode-specific regrets gives
(A97). Their piecewise-linear envelope gives the displayed supremum.

The action set consists of deterministic dates and the flexible mode. Randomized
allocation across modes defines a separate decision problem. For λ < v− all states prefer
flexibility; for λ > v+ all states prefer the scheduled mode with their respective optimal
dates. The interval between these cutoffs records unresolved mode comparisons in the
moment relaxation.

J.5. Executed population policy calculations

The seven-market calculation uses the target and candidate displacement law defined in
OnlineAppendix I. The January 2022–December 2024 target is extendedby zero. Successive
rows disclose summaries of the same law; Figure A4 shows the resulting raw-moment
ranges.

All information stages use the same denominator Vm > 0. Define λ̃ = λ/Vm, ṽ = v/Vm,
and R̃ = R/Vm. The normalization preserves every provision-mode comparison. The main
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table reports supλ≥0 R̃; its 57.35 percent change compares the support-only and mean-
informed maxima over the same cost domain. Equation (A96) gives the reduction at each
fixed cost. The normalized value of a feasible execution-origin upgrade is Var(U)/Vm = 7.71
percent for this clock construction.
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FIGURE A4. Timing information and recovered response queries

The target is an explicitly windowed empirical path. Each panel divides the moment-compatible range by
the value under the full candidate law, so the vertical dashed line equals one. A blue segment denotes a
remaining compatible interval; an orange diamond denotes point identification. Cumulative response is
fixed by normalization. Mean displacement identifies mean timing, and the second displacement moment
identifies the second raw moment. The first two outer ranges also condition on the empirical displacement
envelope.

TABLE A6. Policy switches over the full cost range

Information amm d2 λ∗ supλ R
∗

Support 355.4 18,632.2 105,202.3 18,632.2
+ mean 399.0 0.0 96,411.3 7,946.0
+ variance 399.0 0.0 97,086.5 0.0

Dates use days relative to the benchmark origin. Variance, d2, λ, and regret use squared days per unit
response mass after dividing loss by γ. Every nonnegative flexibility cost is covered by (A96)–(A97). The rows
use moment-compatible outer regions.

Table A7 evaluates empirical-path equivalence pairs. The first pair changes the sched-
uled date; the second fixes the date and changes the flexibility threshold. Their full
recorded paths agree coordinate by coordinate. These constructions illustrate the in-
formation requirements under the common policy loss.

J.6. Storage-option contracts and operational cost units

The second 2022 Stage 1 Strategic Storage-Based Options tender specifies 35,717,500 MWh
in 1,099 lots of 32,500 MWh, each with 6,500 MWh callable. Service runs from October
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FIGURE A5. Validation information and policy regret

Both panels divide cost by the common Vm. The left panel plots regret as a percentage of Vm. The right panel
shows the variance interval governing mode comparisons; orange dots mark deterministic minimax mode
switches. The plotting range follows the analytic switches. Table A6 retains the squared-day quantities and
all-cost conclusions.

TABLE A7. Policy queries in the empirical-path equivalence constructions

Order a∗A a∗B VA VB

1 235.0 508.0 97,086.5 97,086.5
2 310.0 310.0 111,936.5 97,086.5

The rows report moment-order witnesses on the empirical path. A mode disagreement occurs for costs
strictly between the two variance entries in the second row. The entire interval is reported. Dates are in days
and variances in squared days.

1, 2022 through the January 31, 2023 gas day (Trading Hub Europe 2022a). The official
workbook gives 369 awarded rows with per-lot service and capacity prices. Summing each
price times awarded lots gives EUR 232,114,035.45 in service fees and EUR 249,130,048.24 in
capacity fees (Trading Hub Europe 2022b). Their EUR 481,244,083.69 total agrees with the
rounded EUR 481 million announcement (Trading Hub Europe 2022c). Table A8 reports
the corresponding unit costs.

TABLE A8. Cost accounting for the second 2022 SSBO tender

Fee component EUR million Volume basis EUR/MWh

Storage service 232.114 Contracted 6.50
Call availability 249.130 Callable 34.88
Combined fees 481.244 Contracted 13.47
Combined fees 481.244 Callable 67.37

Fees sum awarded lots times the corresponding per-lot price in all 369 workbook rows; repeated bid rows
remain separate. Contracted volume is 35.7175 TWh; callable volume is 7.1435 TWh. The two combined-fee
rows express the same total using different denominators. Commodity charges enter separately on call.
Sources: official invitation, award statement, award workbook, and terms dated May 4, 2022.
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Section 6 of the terms distinguishes a service fee for the storage commitment, a
capacity charge for call availability, and a commodity charge per called MWh linked
to the specified gas index plus a contractual surcharge. Section 4 specifies storage and
withdrawal obligations; Section 9 requires at least three hours’ notice for a call (Trading
Hub Europe 2022d). For each contract, delivered quantities qt, contract-defined index
prices Pt, and surcharge z give

(A98) Ccontract = Fstore + Favail +∑
t
(Pt + z)qt, ∑

t
qt ≤ Qcallable.

The feasible qt also obeys the service window and storage, withdrawal, and delivery con-
ditions. The workbook identifies both fee components as contracted. The incremental
cost relative to a fixed-date alternative additionally uses that alternative’s price and obliga-
tions. EUR 34.88 per callable MWhmeasures the contracted availability charge; EUR 67.37
measures the combined fee on the same volume basis.

To connect the timing benchmark to a local operating-cost problem, let qh ≥ 0 be
a need profile in MWh on a specified contract window, let Q0 = ∑h qh > 0, and let c(d)
be incremental cost per MWh for a timing displacement d. Suppose c is three times
differentiable on the evaluated mismatch range, with c′(0) = 0, c′′(0) = 2g > 0, and
∣c′′′(d)∣ ≤Mc. Taylor’s formula gives

C(a) − Cmatch = ∑
h
qh{c(a − h) − c(0)}

= gQ0{Vq + (a − h̄q)2} + E(a), ∣E(a)∣ ≤
Mc
6 ∑h

qh∣a − h∣
3.(A99)

Here Cmatch = ∑h qhc(0), h̄q = ∑h hqh/Q0, and Vq = ∑h qh(h − h̄q)2/Q0. The coefficient g
uses EUR per MWh per squared day. A flexible plan that removes timing mismatch at
incremental cost K has local threshold λ = K/(gQ0), up to the displayed approximation
error. Thus the quadratic benchmark describes a smooth local mismatch technology with
a priced curvature and a common need profile. Capacity constraints, lead times, and
price-index variation enter the operating problem through their own restrictions.

The executed contract-window profile sets qh equal to projected German residual
service covered by uniform daily call capacity. It contains 6.31 TWh, has centroid 59.79
days from October 1, and has variance 1199.83 squared days. For a fixed-date comparator
sharing storage-service and commodity terms, the observed capacity charge gives

(A100) g∗avail =
Favail
Q0Vq

= 34.88
Qcallable
Q0Vq

= EUR 0.0329/MWh/day2.
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TABLE A9. Contract-window timing-curvature threshold

Quantity Value

Covered contract-window need 6.314 TWh
Need centroid 59.8 days
Need variance 1,199.8 day2

Callability price EUR 249.130 million
Break-even curvature EUR 0.0329/MWh/day2

CoDG-equivalent mismatch 58.9 days

The capacity charge prices callability conditional on the storage-service component. The need profile is the
projected residual covered by uniform daily call capacity. The final row solves gd2 = CoDGDE.

Thedisplayed value is the curvature atwhichbest fixed-date scheduling and continuous
callability have equal quadratic cost for this profile. It supplies a monetary threshold for g.
The seven-market information experiment uses a separate normalized target over three
years, so its regret percentages remain on their own scale. Realized draws, commodity
prices, the feasible fixed-date procurement technology, and distributional incidence enter
a welfare comparison as additional objects.

ENTSOG’s 2020 cost-benefitmethodology values avoided demand curtailment using the
cost of disruption of gas supply and reports Germany at EUR 114.1/MWh inAnnexD, Table 7
(EuropeanNetwork of Transmission SystemOperators for Gas 2020). The contract-window
calculation converts the projected German residual from TJ/day to MWh/day and applies a
uniform daily call capacity of 58,077.24 MWh across 123 days. The residual is observed on
every day; it is positive on 111 days and exceeds daily call capacity on 104. Covered projected
shortfall totals 6.314 TWh, so its CoDG value is EUR 720.4 million. The EUR 481.244 million
combined fee equals EUR 76.22 per covered MWh, and the gap to the CoDG unit value is
EUR 37.88 per covered MWh. This gap is the break-even allowance for commodity call
costs and other incremental resource costs under the displayed coverage rule. Realized
delivery, system constraints, consumer incidence, and counterfactual procurement costs
complete a welfare account.
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