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Appendix A. Coordinate representation and compression

A.1. A generating polynomial

DEFINITION A1 (World generating polynomial). For eachω ∈Ω, define

(A1) Yω(z) = ∑
A⊆[p]

CA(ω)zA, zA = ∏
i∈A

zi.

PROPOSITION A1 (Evaluation and differentiation). Let 1S ∈ {0, 1}p be the indicator of S.
Then

(A2) Yω(0) = Y∅(ω), Yω(1S) = YS(ω),

and

(A3) ∂AYω(0) = CA(ω), ∂A = ∏
i∈A

∂

∂zi
.

PROOF. At z = 0 only C∅ remains. At z = 1S, the monomial zA is one exactly when A ⊆ S,
so Proposition 1 gives the second identity. Multilinearity makes the mixed derivative at
the origin select the coefficient of zA.

Values at Boolean vertices recover regimes; derivatives at the origin recover interac-
tion coordinates. Interior values extend the polynomial between regimes. A stochastic-
intervention interpretation also specifies how the policies are randomized.

A.2. Degree and compression

DEFINITION A2 (Cofactual degree). For an integer 0 ≤ m ≤ p, the system has cofactual degree
at most m when CA = 0 almost surely for every ∣A∣ > m.

PROPOSITION A2 (Exact compression). If the system has degree at most m, then

(A4) YS = ∑
A⊆S
∣A∣≤m

CA.

The worlds {YS : ∣S∣ ≤ m} determine the entire system. Their number is

(A5) Nm =
m
∑
k=0
(
p
k
).
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PROOF. The first statement follows from Proposition 1. For ∣A∣ ≤ m, the formula for CA
uses only worlds B ⊆ A, and hence ∣B∣ ≤ m. The low-order worlds therefore recover all
nonzero components and then every YS.

A degree restriction limits the interactions present in the family. The next proposition
bounds the Lq error from omitting higher-degree components. Here ∣A∣ is interaction
order; the cumulant index r describes a different property.

PROPOSITION A3 (Approximate compression). Let 1 ≤ q ≤ ∞ and suppose each CA ∈ Lq.
Define

Y(m)S = ∑
A⊆S
∣A∣≤m

CA.

Then

(A6) ∥YS − Y
(m)
S ∥Lq ≤ ∑

A⊆S
∣A∣>m

∥CA∥Lq .

PROOF. Proposition 1 gives

YS − Y
(m)
S = ∑

A⊆S
∣A∣>m

CA.

Minkowski’s inequality gives the result.

PROPOSITION A4 (Unique multilinear extension). Every function f : {0, 1}p → Rd has a
unique multilinear polynomial representation

P(z) = ∑
A⊆[p]

cAzA

that agrees with f on the Boolean vertices. Its coefficients are the Möbius transform

cA = ∑
B⊆A
(−1)∣A∣−∣B∣ f (1B).

PROOF. Existence follows from Proposition 1. If two multilinear polynomials agree
at every Boolean vertex, their difference has zero Möbius coefficients and hence every
coefficient vanishes.
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Appendix B. Marginal reconstruction and transform domains

B.1. Reconstruction proof

Section 3 of the main paper contains the full proof of Theorem 1, including the local
exponential-moment argument. The construction chooses each component law from its
admissible transform and then takes the finite product law. The identities below record
the corresponding coordinate change for general joint laws.

B.2. Proof of Theorem 3

PROOF. Suppose the grouped-source representation exists and write GJ for the local
CGF of UJ . For every nonempty L ⊆ [k], independence and (17) give

(A7) KIL(t) = ∑
J⊇L

GJ(t).

Möbius inversion on the nonempty subsets of [k], ordered by reverse inclusion, gives (18).
Each GJ is therefore admissible.

Conversely, take independent variables UJ with the admissible CGFs in (18). Upper-
set inversion gives (A7), so∑J⊇LUJ has CGF KIL and hence the prescribed marginal law.
Taking L = { j} yields the selected world S j. Local MGF uniqueness identifies every source
law. Their finite product identifies the grouped-source law, and the linear map in (17)
identifies its image. Finally,

k
∑
j=1
t jYS j = ∑

∅≠J⊆[k]
UJ∑

j∈J
t j,

so independence gives (19). The common local domain can be reduced so that every
displayed argument remains inside the source domains.

B.3. Proof of Theorem 2

PROOF. Equation (12), the finite Möbius sum, and boundedness of the candidate trans-
forms on [−τ,τ] give

max
A∈W

sup
∣t∣≤τ
∣Λ̂A(t) −ΛA(t)∣ = Op(rN).

The operator norm of an mN ×mN matrix is bounded by mN times its largest absolute
entry. Weyl’s inequality therefore gives

max
A∈W
∣λmin(Γ̂A,N) − λmin(ΓA,N)∣ = Op(mNrN).
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Under compatibility, Proposition 2 makes every population matrix positive semidefinite.
SincemNrN/cN → 0, equation (13) then has rejection probability approaching zero.

Under the fixed alternative, choose a finite witness u1, . . . ,uq and a unit vector a
such that a⊺[ΛA(ui + u j)]

q
i, j=1a = −η for some η > 0. The vanishing mesh supplies grid

points converging to the ui. Continuity preserves a Rayleigh quotient below −η/2 for
the associated q × q principal submatrix. Interlacing transfers this upper bound to the
minimum eigenvalue of the full population grid matrix. Its estimated principal submatrix
converges in operator norm because q is fixed. Since cN → 0, rejection follows with
probability approaching one.

For the sufficient primitive condition, the class {y ↦ et y : ∣t∣ ≤ τ} has square-integrable
envelope eτ∣y∣ and one-dimensional Lipschitz indexing with an integrable local envelope
under E[e2τ∣YS∣] < ∞. The empirical MGFs are therefore uniformly root-NS consistent.
Population MGFs are continuous and bounded away from zero on the compact interval,
so the logarithm preserves the rate. Fixed p and stable sample shares give (12) with
rN = N

−1/2
min .

B.4. Proof of Corollary 1

PROOF. For ∣t∣ ≤ τ, bounded support gives etYS,i ∈ [e−τB, eτB]. Hoeffding’s inequality and
a union bound over S ∈W and t ∈ UN show that, with probability at least 1 − α,

(A8) max
S∈W

max
t∈UN

∣M̂S(t) −MS(t)∣ ≤ ηN,α,

whereMS(t) = eKS(t). Both empirical and population MGFs lie in [e−τB, eτB], so the mean-
value theorem for the logarithm gives

max
S,t
∣K̂S(t) −KS(t)∣ ≤ e

τBηN,α.

Each Möbius sum contains at most 2p terms. Also ∣KS(t)∣ and ∣K̂S(t)∣ are at most τB, so
∣HA(t)∣ and ∣ĤA(t)∣ are at most 2pτB. Applying the mean-value theorem to the exponential
therefore yields

max
A∈W

max
t∈UN

∣Λ̂A(t) −ΛA(t)∣ ≤ 2p exp{(2p + 1)τB}ηN,α = ∆N,α.

The operator norm of each estimated-minus-population Grammatrix is at mostmN∆N,α.
Under compatibility, Proposition 2 makes every population Grammatrix positive semidef-
inite. Weyl’s inequality then gives

λmin(Γ̂A,N) ≥ −mN∆N,α
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simultaneously for every A on the event in (A8). Rule (15) can reject only on the comple-
mentary event, whose probability is at most α.

B.5. Proof of Corollary 2

PROOF. WriteMS(t) = E[etYS]. The exponential-moment envelope givesMS(t) ≤ ν1/2.
Cauchy–Schwarz gives MS(t)MS(−t) ≥ 1, and the same envelope at −t therefore gives
MS(t) ≥ ν−1/2. Chebyshev’s inequality yields

P{∣M̂S(t) −MS(t)∣ > η
∞
N,α} ≤

ν

NS(η∞N,α)
2 .

A union bound over the QN = ∣W∣LN world–argument pairs shows that, with probability at
least 1 − α,

(A9) max
S∈W

max
t∈UN

∣M̂S(t) −MS(t)∣ ≤ η
∞
N,α.

On this event, every population and empirical MGF appearing in the grid calculation lies
in [ℓN,α,mN,α]. The mean-value theorem for the logarithm then gives

max
S,t
∣K̂S(t) −KS(t)∣ ≤

η∞N,α
ℓN,α

,

and the definition of κN,α gives ∣KS(t)∣ ∨ ∣K̂S(t)∣ ≤ κN,α. Each Möbius sum has at most 2p

terms. Applying the mean-value theorem to the exponential therefore gives

max
A∈W

max
t∈UN

∣Λ̂A(t) −ΛA(t)∣ ≤ 2pe2
pκN,α

η∞N,α
ℓN,α

= ∆∞N,α.

The corresponding Gram-matrix perturbation has operator norm at mostmN∆∞N,α. Com-
patibility makes the populationmatrix positive semidefinite.Weyl’s inequality implies that
rule (16) can reject only outside event (A9). The union bound supplies the stated uniform
finite-sample probability.

B.6. Characteristic functions and cumulants

For any joint law, the characteristic transforms satisfy

ϕC(t) = ϕY (M
⊺t), ϕY (s) = ϕC(Z

⊺s).

These identities follow from C =MY and determine the respective laws. Wherever cumu-
lants of order r exist, multilinearity gives the tensor identities in Proposition A5. Dividing
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marginal characteristic functions to recover components would require additional nonva-
nishing and admissibility arguments; the reconstruction theorem uses local MGFs.

Appendix C. Bellman policy stability

C.1. Proof of Theorem 4

PROOF. For every bounded v,

sup
x,a
∣rS(x,a) − r0(x,a) +β{PS(⋅ ∣ x,a) − P0(⋅ ∣ x,a)}v∣ ≤ εS +βδS∥v∥∞.

Apply this bound at v = V∗0 . The optimal Bellman operators have contraction modulus β,
so their fixed points satisfy

∥V∗S − V
∗
0 ∥∞ ≤ β∥V

∗
S − V

∗
0 ∥∞ + ηS,

and hence ∥V∗S − V
∗
0 ∥∞ ≤ ηS/(1 −β). Substitution in the action-value equations gives the

same bound for ∥Q∗S −Q
∗
0∥∞, proving (29). Hence, for every state x and action a ≠ π0(x),

Q∗S(x,π0(x)) −Q
∗
S(x,a) ≥ g −

2ηS
1 −β

.

The stated strict inequality keeps this gap positive and identifies π0 as the optimal policy
in world S.

For a general perturbation, the same fixed-point argument for policy π0 gives ∥V
π0
S −

Vπ00 ∥∞ ≤ ηS/(1 −β). Since V
π0
0 = V

∗
0 , the triangle inequality with the optimal-value bound

proves (30). Applying this inequality to S and T and adding the two errors proves (31).
For the common-resolvent reference, the resolvent identity gives

Vπ0S − Ṽ
π0
S = β(I −βP

π0
S )
−1
(Pπ0S − P

π0
0 )Ṽ

π0
S .

Its norm is atmostβδSRS/(1−β)2. Adding this transition term to (30) gives ∥V∗S −Ṽ
π0
S ∥∞ ≤ ξS.

The triangle inequality across S and T proves (32). Under policy stability, V∗S = V
π0
S and

the reoptimization term drops from the bound.

C.2. Proof of Corollary 5

PROOF. Apply Theorem 4 conditional on X. A policy change in world S requires

g(X) ≤
2ηS(X)
1 −β

≤
2η̄S
1 −β

.
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Themargin condition gives (34). Under the stated coupling, G∗ = G0 whenever the optimal
policies agree with π0(X) in both worlds. The coupling inequality for total variation and a
union bound therefore give

dTV{L(G∗),L(G0)} ≤ Pr{G∗ ≠ G0}

≤ Pr{π∗S(X) ≠ π0(X)} + Pr{π
∗
T(X) ≠ π0(X)},

and substituting (34) for the two worlds proves (35).

Appendix D. Cumulant and conditional calculus

D.1. Proof of Theorem 5

PROOF. Suppose first that (40) holds through order q. Proposition 1 gives YS j = ∑A⊆S j CA.
Multilinearity expands the left side of (41) into cumulants of cofactual components.
Through order q, every term with distinct component indices vanishes. The surviving
terms are κr(CA)withA ⊆ S j for every j, henceA ⊆ S1∩⋯∩Sr. Applying the same argument
to the single world YS1∩⋯∩Sr gives (41).

For the converse, apply the Möbius transform in each world index to the cumulant
array in (41). The identity

∑
B:A⊆B⊆D

(−1)∣D∣−∣B∣ = 1{A = D}

leaves
Cum(CA1 , . . . ,CAr) = 0

whenever at least two indices differ. This proves the finite-order equivalence. Under a
local joint MGF, validity for every r removes every mixed Taylor monomial from the joint
CGF of C. The joint CGF is then the sum of its one-coordinate CGFs, so the joint MGF
factorizes and the CA are mutually independent. The reverse implication follows from
independence.

D.2. Proofs for target information

Proof of Theorem 6

PROOF. Put c = Z⊺b. Since b⊺Y = c⊺C, multilinearity of cumulants gives a sum over r
component indices. Finite-order cofactual orthogonality removes every term involving
more than one component, leaving

κr(b⊺Y) = ∑
A∈W

crAκr(CA) = qr(b)
⊺hr.
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The same argument with b equal to a world coordinate vector gives κr(YS) = z⊺Shr, which
proves (43). If Z⊺

O
λ = qr(b), then qr(b)⊺hr = λ⊺ZOhr, proving (44).

For necessity, suppose qr(b) ∉ row(ZO). The fundamental theorem of linear algebra
supplies δ ∈ kerZO with qr(b)⊺δ ≠ 0. Fix any h ∈ Rn++. For all sufficiently small ϵ > 0,
both h+ = h + ϵδ and h− = h − ϵδ belong to Rn++. Under construction d ∈ {+,−}, let the
components be mutually independent with CdA ∼ Poisson(h

d
A). Each observed world then

satisfies
YdS ∼ Poisson(z

⊺
Sh

d
),

and ZOh+ = ZOh− makes the complete observed marginal laws identical. Every cumulant
of a Poisson variable equals its intensity, so

κr(b⊺Yd) = ∑
A
{(Z⊺b)A}rhdA = qr(b)

⊺hd.

These target cumulants differ, and ϵ can be arbitrarily small. The target laws therefore
differ under observationally equivalent factorized systems in every neighborhood of h.

Proof of Corollary 6

PROOF. For b = eS − eT , the component loading c = Z⊺b has entries in {−1, 0, 1}. Hence
c○r = c for odd r. For even r,

c○r = c○2 = zS + zT − 2zS∩T .

Substitution in Theorem 6 gives (45) and the stated reconstruction rules.
For the cardinality statements, let S ≠ T. Every incidence row has coefficient one on

the root component ∅, while each gain loading has root coefficient zero and is nonzero. A
single observed world therefore cannot span the loading. At odd orders, zS − zT is spanned
by the two endpoint rows, establishing the minimum of two. Under nesting, the even
loading equals the same oriented row difference and has the same minimum.

Now let S and T be incomparable. The even loading q = zS + zT − 2zI is a nonzero
vector with entries in {0, 1}. Suppose two incidence rows zU , zV span it. Evaluation at
the root gives coefficients that sum to zero, so q = α(zU − zV ). Reorienting the pair if
needed, the binary range of q implies α = 1 and zU ≥ zV , hence V ⊆ U. Choose i ∈ S ∖ T
and j ∈ T ∖ S. Since q{i} = q{ j} = 1, both singletons belong to U and neither belongs to V . It
follows that q{i, j} = 1. Yet {i, j} is a subset of neither S nor T, so the definition of the even
loading gives q{i, j} = 0, a contradiction. Thus two arbitrary world rows cannot span the
even loading. The rows for S,T, I span it by (45), establishing the minimum of three. The
Poisson construction in Theorem 6 converts every row-space lower bound above into an
identification lower bound for the corresponding cumulant order.
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Proof of Corollary 7

PROOF. Write zU for the incidence row of world U. For each pair i < j, the odd and even
target loadings are

oi j = zSi − zS j , ei j = zSi + zS j − 2zSi∩S j .

Their half-sum and half-difference give

ei j + oi j
2

= zSi − zSi∩S j ,
ei j − oi j

2
= zS j − zSi∩S j .

Form a graph with vertex set E and the nonzero endpoint-to-intersection links. The graph
is connected: every pair of endpoint vertices is joined through its intersection vertex, with
a direct link when the intersection equals one endpoint, and every distinct intersection
vertex is incident to an endpoint. Edge differences in a connected graph span the coeffi-
cient vectors on its vertices whose coefficients sum to zero. Since distinct incidence rows
are linearly independent, the target-loading space is therefore

(A10) Q =

⎧⎪⎪
⎨
⎪⎪⎩

∑
U∈E

aUzU : ∑
U∈E

aU = 0
⎫⎪⎪
⎬
⎪⎪⎭

, dim(Q) = ∣E∣ − 1.

The rows in E span this space, proving attainment. The full collection (zU)U∈W is a basis
because the Boolean incidence matrix is invertible. Suppose an observed-world set O
identifies every target in the corollary. Its row span then contains the two half-sums
above and hence every nonzero edge difference zU − zV in the connected graph. The
expansion of this difference in the full incidence-row basis has nonzero coefficients
exactly at U and V . Uniqueness of basis coordinates therefore requires U,V ∈ O. Every
vertex is incident to a nonzero edge, so E ⊆ O. The Poisson construction in Theorem 6
turns omission of any required target loading into two factorized systems with the same
complete observed marginal laws and a different member of the target collection. Thus
E is the unique inclusion-minimal identifying design. When every world has positive
additive cost, adding any world to E raises cost, which gives the final statement.

D.3. Index cancellation

The cancellation used in Theorem 5 can be written explicitly. Let

Γr(S1, . . . ,Sr) = Cum(YS1 , . . . ,YSr).

If Γr(S1, . . . , Sr) = hr(S1 ∩⋯ ∩ Sr), write the Möbius expansion

hr(U) = ∑
A⊆U

gr(A).
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Then
Γr(S1, . . . , Sr) = ∑

A⊆[p]
gr(A)

r
∏
j=1
1{A ⊆ S j}.

Applying the Möbius transform in each coordinate sends 1{A ⊆ S j} to a point mass at A.
Hence

Cum(CA1 , . . . ,CAr) =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

gr(A), A1 = ⋯ = Ar = A,

0, otherwise.

Under local exponential integrability, the vanishing mixed cumulants imply factorization
of the analytic joint MGF.

D.4. Tensor representation

PROPOSITION A5 (Cofactual tensor diagonalization). For r ≥ 2, let ΓYr be the order-r world
cumulant tensor and ΓCr the corresponding cofactual cumulant tensor. Then

(A11) ΓCr =M
⊗rΓYr , ΓYr = Z

⊗rΓCr .

Consequently, q-cofactual orthogonality holds exactly when, for every 2 ≤ r ≤ q, the transformed
tensor M⊗rΓYr is supported on the diagonal A1 = ⋯ = Ar.

PROOF. Joint cumulants are multilinear in their arguments and C =MY . Applying the
linear mapM in each tensor index gives the first identity. The second follows from Y = ZC.
Definition 5 is precisely the statement that all off-diagonal tensor entries vanish through
order q.

D.5. Measures of departure

DEFINITION A3 (Cofactual cumulant defect). For r ≥ 2, define

(A12) ∆r(S1, . . . , Sr) = Cum(YS1 , . . . ,YSr) − κr(YS1∩⋯∩Sr).

At second order, write

(A13) d2(Y)2 = ∑
S,T∈W

∆2(S,T)2.

Theorem 5 gives d2(Y) = 0 if and only if the components are pairwise uncorrelated.
Higher-order defects measure departures from the corresponding cumulant restrictions.
Appendix D.10 gives bounds for second moments and for a full-law comparison.
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D.6. Proof of Theorem 7

PROOF. By definition, KGS,T(t) = KS,T(t,−t). Substitution of (u, v) = (t,−t) in (58),
together with KI(0) = 0, gives (59). Multilinearity of cumulants gives

κr(YS − YT) =
r
∑
j=0
(
r
j
)(−1)r− j Cum(YS, . . . ,YS

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
j

,YT , . . . ,YT
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

r− j

).

The endpoint terms are κr(YS) + (−1)rκr(YT). Since

r−1
∑
j=1
(
r
j
)(−1)r− j = −{1 + (−1)r},

adding and subtracting κr(YI) in every mixed term and applying Corollary 6 gives (60).
The triangle inequality and ∑r−1j=1 (

r
j) = 2

r − 2 give (61). Finally, DS,T ≡ 0 means that the
actual local joint CGF equals (20); local MGF uniqueness gives equality of the pair laws.
The converse follows by substitution.

D.7. Proof of Theorem 8

PROOF. Take any coupling in the declared sensitivity class and let Φ be its bivariate
characteristic function. Characteristic functions are continuous, normalized, and positive
definite. Their restrictions to the coordinate axes are the endpoint characteristic functions,
while the characteristic function of YS −YT isΦ(t,−t). The sensitivity restriction therefore
placesΦ in Cρ and its gain law in the set on the right side of (63).

Conversely, takeΦ ∈ Cρ. Bochner’s representation theorem on R2 gives a probability
measure π whose characteristic function isΦ (Berg et al. 1984). The two axis restrictions
make the marginals of π equal to the declared laws of YS and YT . The pushforward of
π under (yS, yT) ↦ yS − yT has characteristic function Φ(t,−t), and the last defining
inequality forCρ places it inside the sensitivity band. Hence every element of the displayed
set is attained by a coupling with the fixed marginals. Restricting the positive-definite
kernel to finitely many arguments gives the stated semidefinite completion restrictions.

D.8. Proof of Proposition 6

PROOF. The finite linear transform commutes with conditioning. The covariance iden-
tity follows from Corollary 8 applied to the conditional law, and the law of total covariance
gives (54). Conditional independence gives the product of the component MGFs, so the
proof of Theorem 1 applies at each x. Local MGF uniqueness identifies each conditional
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component law. Integrating the resulting conditional joint law against PX completes the
argument.

D.9. Proof of Proposition 7

PROOF. Expand kr(S ∣ x) by multilinearity into a sum over A1, . . . ,Ar ⊆ S. A fixed tuple
appears in its Möbius transform at B with coefficient

∑
S:A1∪⋯∪Ar⊆S⊆B

(−1)∣B∣−∣S∣ = 1{A1 ∪⋯ ∪Ar = B}.

This proves (56). At order two, the diagonal tuple is (B,B), giving (57).

D.10. Approximation bounds

The target determines the comparisonusedhere. Gain variance calls for a boundon second
moments; a bounded nonlinear functional can be compared across full probability laws.
For the second-moment bound, set

D(x) = diag{ΩC(x)}, E(x) =ΩC(x) −D(x), η2 = {E∥E(X)∥2F}
1/2.

Here diag{ΩC(x)} is the diagonal matrix with the same diagonal asΩC(x). For a full-law
comparison, let Q be the joint law of (X,C) and define

(A14) Q⊗(dx,dc) = PX(dx)∏
A
QA(dcA ∣ x), ηKL = KL(Q∥Q⊗).

The standard Borel assumption supplies regular conditional laws. Divergence is measured
using natural logarithms.

PROPOSITION A6 (Approximation bounds). Suppose E∥C∥2 < ∞. Let b ∈ RW be fixed and
put w = Z⊺b. If η2 < ∞, then

(A15) ∣E[Var(b⊺Y ∣ X)] − E[w⊺D(X)w]∣ ≤ ∥w∥22η2.

Let Q̃ and Q̃⊗ be the images of Q and Q⊗ under (x, c) ↦ (x,Zc). For every measurable f (x, y) ∈
[a,a + L], if ηKL < ∞,

(A16) ∣EQ̃ f − EQ̃⊗ f ∣ ≤ L
√
ηKL/2.

Moreover, ηKL = 0 is equivalent to conditional factorization.

The reference keeps each conditional component law. Convolution gives its regime
marginals, which can differ from the original marginals. Equation (A16) uses this product
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reference. Its ηKL requires cross-world information or a sensitivity bound. The second-
moment comparison uses η2; the full-law comparison uses the divergence condition.

Proof of Proposition A6

PROOF. The variance difference is E[w⊺E(X)w]. Use ∣w⊺E(x)w∣ ≤ ∥w∥22∥E(x)∥F and
Cauchy–Schwarz. The map (x, c) ↦ (x,Zc) is a measurable bijection, so it preserves
relative entropy. Pinsker’s inequality and the bounded range of f give (A16) (Tsybakov
2009). Zero relative entropy means equality of the two laws, which is the conditional
product restriction.

Appendix E. Observation fibers andmoments

E.1. Identification on observation fibers

PROPOSITION A7 (Fiber criterion). A functional Ψ(Q) is point identified at a feasible d with
nonempty F(d) if and only if Ψ is constant on F(d). If Ψ is constant on every fiber of O, then
there exists a function Ψ̃ on the observation range such that

(A17) Ψ = Ψ̃ ○O.

The converse also holds.

PROOF. The first statement is the definition of point identification. For the global
statement, define Ψ̃(d) as the common value of Ψ(Q) on F(d). Constancy on every fiber
makes the definition well defined and gives (A17). The reverse implication follows by
substitution.

E.2. Linear moment observation

A more general observation design may reveal selected linear moments while leaving the
complete marginal laws unrecorded. Let Y ∈ Rn, n = 2p, and write

mr = E[Y⊗r], qr = E[C⊗r] =M⊗rmr.

Suppose the observed moment vector is

(A18) dr = Ormr.

LetMr be the feasible moment class and define its observationally silent span

(A19) Nr = span{m −m′ : m,m′ ∈Mr, Orm = Orm′}.
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PROPOSITION A8 (Linear cofactual identification). A linear cofactual functional a⊺qr is
identified onMr if and only if

(A20) a⊺M⊗rv = 0 for every v ∈ Nr.

If Nr = kerOr, this is equivalent to

(A21) a⊺M⊗r ∈ row(Or).

PROOF. Set ℓ⊺ = a⊺M⊗r. The functional takes the same value on every feasible observa-
tional equivalence class exactly when ℓ annihilates the differences spanningNr, which
gives (A20). If Nr = kerOr, then N⊥r = row(Or) by the fundamental theorem of linear
algebra.

The feasible moment class and the observation map enter the criterion separately.
This is useful for an application that maintains selected cross-world moment restrictions
while allowing a broader joint-law class.

If the observation design identifies every world mean, every mean cofactual is identi-
fied by linearity:

(A22) E[CA] = ∑
B⊆A
(−1)∣A∣−∣B∣E[YB].

At second order,

(A23) Cov(CA,CD) = ∑
B⊆A
∑
E⊆D
(−1)∣A∣−∣B∣+∣D∣−∣E∣ Cov(YB,YE).

This makes the source of cross-world ambiguity visible before any factorization assump-
tion is imposed.

A small example is useful. Let Y0,Y1 ∼ Bernoulli(1/2) under two candidate joint laws.
Under Y1 = Y0, C1 = 0 almost surely. Under Y1 = 1 − Y0, the same marginals hold while
C1 ∈ {−1, 1} with equal probabilities. Thus the mean cofact is zero in both cases, while
its variance is zero in the first coupling and one in the second. Factorization selects a
particular form of cross-world structure; the unrestricted marginal model leaves this
difference open.

Appendix F. Poset identities

For a finite poset (W,⪯) with Möbius function µ, define

C(w) = ∑
u⪯w

µ(u,w)Y(u).

A14



Incidence-algebra inversion gives

Y(w) = ∑
u⪯w

C(u).

If P and Q are finite posets, then

µP×Q((x1,x2), (y1, y2)) = µP(x1, y1)µQ(x2, y2).

If Q ⊆ P is order convex, the interval [x, y] is the same in Q and P whenever x, y ∈ Q, so the
local Möbius coefficient is preserved. The interval identity concerns the Möbius function
itself. Restricting the already transformed target agrees with recomputing it on a subposet
when that subposet is a lower ideal. On a filter, omitted lower-world terms alter the root.
For a chain 0 < 1 restricted to {1}, the recomputed coefficient is Y1, while the original
coefficient is Y1 − Y0. This boundary termmust be retained when changing the reference
system.

Appendix G. State-adjusted inference

Section 7.5 defines the selected moment vector θ, residual signals Hℓ, and cross-fitted
estimator. The theorem below states the sampling and learner conditions. The canonical-
gradient and remainder calculations then explain the first-order representation and its
variance.

G.1. Sampling theorem and scope

THEOREM A1 (Conditional cofactual inference). Suppose (X j,Y j) are i.i.d., p and L are
fixed, E∥C∥4 < ∞, and fold proportions are bounded away from zero. In every training fold, for
each selected pair (A,B), assume

∥µ̂A − µA∥L4(PX) + ∥µ̂B − µB∥L4(PX) = op(1),

∥µ̂A − µA∥L2(PX)∥µ̂B − µB∥L2(PX) = op(N
−1/2
).(A24)

In the unrestricted paired-data model, the efficient influence function for θ is

(A25) ψX(X,C) = H(X,C) − θ, VX = Var{H(X,C)}.

The estimator (73) satisfies

(A26)
√
N(θ̂ − θ) =

1
√
N

N
∑
j=1
ψX(X j,C j) + op(1),
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and V̂X
p
Ð→ VX . If VX is positive definite, then under θ = 0,

(A27) Nθ̂⊺V̂−1X θ̂Ô⇒ χ2L.

Its asymptotic variance equals the canonical-gradient bound VX . Along regular local submodels
for which the expansion and its central limit theorem hold locally uniformly, the estimator is
regular and attains that bound for these selected moments.

PROOF. A perturbation of either conditional mean has first derivative zero because
E[RA ∣ X] = E[RB ∣ X] = 0. Differentiating the target along a regular submodel therefore
gives E[{H − θ}s] for score s, identifying the canonical gradient. Conditional on each
training sample, the residual-product expansionhas biasE[h(µ̂A−µA)(µ̂B−µB)]. Condition
(A24) controls this bias, while the L4 conditions control the conditional variance of the
score difference. A multivariate central limit theorem and Slutsky’s theorem yield the
result. Appendix G gives the expansion and covariance argument.

Conditional centering gives the residual-product score its local robustness (Kennedy
2016; Chernozhukov et al. 2018, 2022). Cross-fitting separates each evaluation fold from its
fitted conditional means. The efficiency statement concerns a fixed θ in the unrestricted
paired-data model. Treating factorization as known would change the tangent space and
hence the relevant bound.

G.2. Canonical gradient

Consider one selected pair (A,B) and a bounded instrument h. Write RA = CA − µA(X),
RB = CB − µB(X) and θ = E[hRARB]. Along a dominated regular submodel with score
s(X,C), differentiate the expectation and the two conditional means. The derivative is

θ̇ = E[hRARBs] − E[hµ̇A(X)RB] − E[hµ̇B(X)RA]

= E[(hRARB − θ)s].

The last two terms vanish by conditional centering. In the unrestricted model, the tangent
space is L20(Q), so this mean-zero derivative representer is the canonical gradient. Finite
fourth moments and bounded h give square integrability. For a finite vector of moments
the calculation applies coordinatewise, with covariance bound VX .
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G.3. Cross-fitted expansion

In an evaluation fold, condition on its training sample and put eA = µ̂A−µA and eB = µ̂B−µB.
The score difference is

(A28) Ĥ −H = −heA(X)RB − heB(X)RA + heA(X)eB(X).

Its conditional expectation is E[heAeB], with absolute value bounded by ∥h∥∞∥eA∥2∥eB∥2 =
op(N−1/2). Moreover,

∥eARB∥2 ≤ ∥eA∥4∥RB∥4 = op(1), ∥eAeB∥2 ≤ ∥eA∥4∥eB∥4 = op(1).

The corresponding statement holds for eBRA. Each fold’s centered score difference there-
fore contributes op(1) on the

√
N scale by conditional variance control. The fixed number

of folds allows these bounds to be summed. This proves (A26).
The same L2 control and conditional Markov inequality give N−1∑ j ∥Ĥ j −H j∥

2 = op(1).
Cauchy–Schwarz then makes the empirical first and second moments of Ĥ asymptotically
equivalent to those of H. The ordinary law of large numbers gives V̂X →p VX . The joint
central limit theorem and positive definiteness give (A27).

G.4. A finite instrument set

For integrable γAB(X), the equalities E[h(X)γAB(X)] = 0 for all bounded measurable h
imply γAB(X) = 0 almost surely by taking h = sign(γAB). A finite instrument set leaves
the orthogonal complement of its span unrestricted. This describes the power scope
of the finite-dimensional Wald test. A squared criterion such as E[γAB(X)2] has zero
first derivative at the null and requires its own null-distribution calculation. The stated
procedure uses regular linear moments.

Appendix H. Observation costs for a prescribed bundle

Suppose a fixed set of regimes can be evaluated jointly for selected reference units. The
analyst chooses the acquisition probabilities to improve precision for θ in (72), subject
to an expected cost budget. In the reward-credit example, this target is the diagnostic
covariance used to assess the gain-variance formula. Both the target and the world bundle
are taken as given.
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H.1. The diagnostic target and observation rule

For the moments in (72), define the required world bundle

UJ =
L
⋃
ℓ=1
({S : S ⊆ Aℓ} ∪ {S : S ⊆ Bℓ}).

Observing these worlds jointly recovers every component used by the selected moments.
Low-order pairs can therefore use a smaller bundle than the entire Boolean cube.

In a two-phase design, X is observed for every reference unit. The bundle is acquired
with indicator D and known probability e(X) = P(D = 1 ∣ X), with 0 < emin ≤ e(X) ≤ 1 and D
conditionally independent of the latent outcomes given X. Here e denotes an observation
probability; the scalar ρ in the reward-credit example governs residual dependence. Let

r(X) = E[H(X,C) ∣ X], SH(X) = Var{H(X,C) ∣ X}.

These quantities describe heterogeneity in the influence signal for the chosen target.

PROPOSITION A9 (Two-phase efficiency). In the unrestricted two-phase model with known
acquisition probability, the efficient influence function for θ is

(A29) ϕe = r(X) − θ +
D

e(X)
{H(X,C) − r(X)}.

The bound per reference unit is

(A30) Ve = Var{r(X)} + E [
SH(X)
e(X)

] .

A cross-fitted estimator with this influence function is

(A31) θ̂e =
1
N

N
∑
j=1

⎡
⎢
⎢
⎢
⎣
r̂(− j)(X j) +

D j
e(X j)

{Ĥ j − r̂
(− j)
(X j)}

⎤
⎥
⎥
⎥
⎦
,

under the conditions of Theorem A1 for the conditional-mean learners and ∥̂r − r∥L2(PX) = op(1)
in each fold. The term involving Ĥ j is evaluated only for acquired bundles. Conditional-mean
and signal-mean learners use only observed training-fold data. Efficiency refers to regular local
attainment under the corresponding conditions of Theorem A1.

PROOF. The observed-data score consists of a marginal-state score plus D times a
conditional-outcome score. Equation (A29) represents the target derivative against both
parts and lies in the observed tangent space. Conditional expectation gives the two variance
terms in (A30). Known inverse acquisition weights make the bias from r̂− r cancel, leaving
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the conditional-mean product remainder from Theorem A1. Appendix I supplies the
details.

The calculation uses the augmented inverse-probability form for two-phase observa-
tion. The cofactual target determines its complete-data signal and the bundle required to
calculate that signal. This follows the influence-function approach to two-phase design
(Chen and Lumley 2020).

PROPOSITION A10 (Cost-constrained acquisition). Fix a positive semidefinite loss matrix W
and put

a(x) = tr{WSH(x)}.

Assume 0 < a(X) < ∞ almost surely,E[a(X)] < ∞, and costs satisfy 0 < cmin ≤ c(X) ≤ cmax < ∞.
For a budget b with

eminE[c(X)] < b < E[c(X)],

the rule minimizing tr(WVe) subject to E[c(X)e(X)] ≤ b and emin ≤ e ≤ 1 is

(A32) e∗(x) =min
⎧⎪⎪
⎨
⎪⎪⎩

1,max
⎧⎪⎪
⎨
⎪⎪⎩

emin,

¿
Á
ÁÀ a(x)
λc(x)

⎫⎪⎪
⎬
⎪⎪⎭

⎫⎪⎪
⎬
⎪⎪⎭

,

where λ > 0 is chosen so that E[c(X)e∗(X)] = b.

PROOF. The design-dependent objective is E[a(X)/e(X)]. For each x, the convex func-
tion a(x)/u + λc(x)u is minimized on [emin, 1] by (A32). Its expected cost varies contin-
uously from Ec to eminEc as λ increases from zero to infinity. A multiplier meeting the
budget therefore exists. Integrating the pointwiseminimizing inequality proves optimality
among all feasible rules.

The allocation responds to conditional influence variance relative to cost. Its optimality
is an oracle statement, taking a(x) and the state distribution as given under an expected
cost budget per reference unit. The floor emin preserves observation support. An indepen-
dent pilot can choose a main-sample rule; conditional on the pilot, Proposition A9 applies
to the implemented probabilities under its stated conditions. Performance guarantees
for learning the rule, updating it sequentially, or choosing the bundle require further
analysis.

Two-state calculation. Let X have two equally likely states, with a(−1) = 1, a(1) = 9, unit
cost, b = 1/2, and emin = 0.1. The optimal probabilities are 0.25 and 0.75. The design-
dependent bound is 8, compared with 10 under uniform acquisition at probability 1/2. If
r(X) is constant, this is a 20% reduction in the full efficiency bound. The calculation can
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arise from conditionally independent Gaussian residuals whose product has these two
conditional variances.

H.2. Interpretation of the allocation

For fixed stratum probabilities, the marginal precision benefit per unit of expected cost is
a(x)/{c(x)e(x)2}. This is a local priority score for the specified objective. Proposition A10
gives the oracle allocation; learned or sequential rules require corresponding performance
guarantees.

Appendix L describes invariantmean summaries and allocates variance to intervention
modules under orthogonality. Acquisition priority concerns precision for θ: a large policy
contribution can coexist with precise estimation of the relevant moment.

Additional population information contracts an observation fiber. The design criterion
here concerns the sampling variance of an estimator. A criterion based on identified-set
reduction would also need the law of the information to be acquired.

H.3. The reward-credit observation plan

A simulator records X,Y0,Y1 for each latent draw. Subtraction recovers C1, and regression
on the two groups recovers the conditional means. The cross-fitted residual product
estimates θ. At ρ = 0, its conditional variance is σ(X)2, equal to 1 and 9 in the two groups.
These are the same influence variances used in the acquisition example in Appendix H.1. A
fixed expected half-sample budget yields probabilities 0.25 and 0.75 and an oracle variance
bound of 8, compared with 10 under uniform acquisition. Appendix J implements the
entire calculation with missing bundles masked before estimation, training on acquired
observations, and known acquisition probabilities.

The allocation improves precision for the diagnostic covariance θ. Its role is to assess
the formula used for the economic target τ, the variance of policy gains. Optimizing acqui-
sition directly for τ would require its influence function. Any behavioral or equilibrium
responses belong in the value map for each regime.

Appendix I. Derivations for observation design

I.1. Efficient influence function under acquisition

Only the components used by J are relevant here; denote their jointly observed vector by
CJ. In the unrestricted observed-data model the state score is sX(X), and the conditional-
outcome score is sC(CJ,X) with E[sC ∣ X] = 0. Known acquisition probabilities give ob-
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served score sX +DsC. Set r(X) = E[H ∣ X]. Then

E[ϕe{sX +DsC}] = E[(r − θ)sX] + E[(H − r)sC]

= E[(H − θ)(sX + sC)].

This is the full-data target derivative. The functionϕe belongs to the closure of the observed
tangent space, since (H − r)/e has conditional mean zero. It is therefore the canonical
gradient. Conditional variance and the orthogonality of the two displayed terms yield
(A30).

For the estimator, let u(X) = r̂(X) − r(X). Its score difference from the efficient signal
equals

(1 −
D
e
)u(X) +

D
e
(Ĥ −H).

The first term has conditional expectation zero and L2 norm tending to zero because
e ≥ emin. The second term has expectation E[Ĥ − H] and its squared norm is at most
e−1minE[(Ĥ −H)

2]. The proof in Appendix G applies. Thus the estimator is asymptotically
linear with influence function ϕe, and the covariance of its cross-fitted summands con-
sistently estimates Ve. The argument uses the known design probabilities; an estimated
missingness mechanism requires additional nuisance-rate conditions.

I.2. Separate-world allocation for a marginal target

There is also a marginal-only design problem. Let vS = Var(YS) and let τ = a⊺Mv = b⊺v,
where b =M⊺a is fixed. In independent regime samples, define

ω2
S = Var{(YS − EYS)

2
}.

Under finite fourth moments, the within-regime sample variance has efficient influence
function (YS − EYS)2 − vS. The leading variance of τ̂ is therefore ∑S b2Sω

2
S/NS. Suppose

ωS > 0 for every bS ≠ 0. If each observation costs cS > 0 and∑S cSNS = B, the continuous
oracle allocation over these relevant coordinates is

(A33) N∗S =
B∣bS∣ωS/

√
cS

∑T ∣bT ∣ωT
√
cT
, minVar(τ̂) ≃

(∑T ∣bT ∣ωT
√
cT)

2

B
.

Cauchy–Schwarz proves the lower bound, with equality at the displayed allocation. This is
a cost-adjustedNeyman calculation; related factorial allocation results appear in Ravichan-
dran et al. (2024). It optimizes estimation of a marginal variance contrast. Proposition 7
specifies its interpretation under general coupling, while paired acquisition estimates the
conditional cross-world moments themselves.
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Appendix J. Numerical experiments and implementation checks

The accompanying Python scripts reproduce the checks in this appendix using NumPy
and SciPy. Algebraic checks coverMZ = ZM = I, the union identity through order three,
the meet-kernel factorization and projection, and the conditional variance bound. The
acquisition formula is compared with constrained numerical optimization. These checks
supplement the proofs by verifying their finite-dimensional implementations.

J.1. Covariance-test size and power

For p ∈ {1, 2} and N ∈ {250, 1000}, four component laws are simulated. The independent
law has standard normal components. The orthogonal dependent law sets C∅ = U and
C1 = (U2 − 1)/

√
2, with remaining components independent standard normals. The two

alternatives set C1 = ρC∅ +
√
1 − ρ2ϵ1 for ρ = 0.10 or 0.25, with all primitive normals

independent. Every draw is converted to Y = ZC and transformed back before estimation.
Both procedures use denominator N and the chi-squared reference with 2p(2p − 1)/2
degrees of freedom.

TABLE A1. Size and power of covariance tests

p N Component law Robust Wald Product shortcut

1 250 Independent 0.061 (0.005) 0.055 (0.005)
1 250 Orthogonal, dependent 0.052 (0.005) 0.382 (0.011)
1 250 Correlation 0.10 0.350 (0.011) 0.350 (0.011)
1 250 Correlation 0.25 0.980 (0.003) 0.980 (0.003)
1 1,000 Independent 0.049 (0.005) 0.046 (0.005)
1 1,000 Orthogonal, dependent 0.052 (0.005) 0.381 (0.011)
1 1,000 Correlation 0.10 0.879 (0.007) 0.881 (0.007)
1 1,000 Correlation 0.25 1.000 (0.000) 1.000 (0.000)
2 250 Independent 0.070 (0.006) 0.050 (0.005)
2 250 Orthogonal, dependent 0.066 (0.006) 0.253 (0.010)
2 250 Correlation 0.10 0.191 (0.009) 0.176 (0.009)
2 250 Correlation 0.25 0.871 (0.007) 0.869 (0.008)
2 1,000 Independent 0.047 (0.005) 0.048 (0.005)
2 1,000 Orthogonal, dependent 0.049 (0.005) 0.242 (0.010)
2 1,000 Correlation 0.10 0.665 (0.011) 0.659 (0.011)
2 1,000 Correlation 0.25 1.000 (0.000) 1.000 (0.000)

2,000 replications per row, nominal level 5%. Parentheses giveMonte Carlo standard errors. The first two laws
satisfy the robust covariance null. Only the independent law satisfies the shortcut’s independence calibration.
Every generated run is retained; singularity is an explicit error condition. The dimensions and distributional
families are fixed.

The orthogonal dependent law satisfies the robust second-order null. Its standardized
cross-product variance is 5; the independence shortcut uses 1. The rejection frequencies
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show the consequence of that calibration choice. They also show the finite-sample approx-
imation error for the robust procedure. The evidence is specific to these fixed-dimensional
designs and the reported repetition counts.

J.2. Common states and a fixed instrument collection

For the sampling illustration, let p = 2, X ∈ {−1, 1} have equal probabilities, and

C = αX + ϵ, α = (0.6, 0.7,−0.4, 0.2)⊺, Y = ZC.

Conditional errors are Gaussian with unit variances. In the null design they are inde-
pendent. In the cancellation design their sole off-diagonal conditional covariance is
Cov(ϵ1,ϵ2 ∣ X) = 0.35X. The unadjusted test concerns unconditional cofactual covariance;
the two adjusted tests use all six component pairs, with instruments 1 or (1,X). Condi-
tional means are estimated by ordinary least squares on an intercept and X, using five-fold
cross-fitting. All tests use robust empirical covariance matrices and nominal level 5%.

TABLE A2. Rejection frequencies for declared paired-world designs

Unadjusted Adjusted: 1 Adjusted: (1,X)

Conditional null 1.000 (0.000) 0.056 (0.007) 0.071 (0.008)
Sign-changing covariance 1.000 (0.000) 0.058 (0.007) 1.000 (0.000)

1,000 replications, 1,000 observations per replication; five-fold cross-fitting. Parentheses report Monte Carlo
standard errors. All tests use a nominal 5% level. The unadjusted null differs from the conditional null;
the reported unadjusted rejections reflect the common state. Seeds and the complete implementation are
included in the source package.

At N = 4, 000, using the same 1,000 replications and seeds, the adjusted null rejec-
tion frequencies are 0.047 and 0.050 for instruments 1 and (1,X), respectively (Monte
Carlo standard errors 0.007 and 0.007). These finite-sample frequencies accompany the
asymptotic statements and their stated regularity conditions.

The common state induces unconditional covariance in both designs. Residualization
targets zero moments in the null design. In the cancellation design, the unweighted resid-
ual moment is again zero, but the state-weighted moment equals 0.35. These instrument
collections test different hypotheses under the same simulated coupling. The comparison
shows which conditional pattern each test can detect.

J.3. Two-phase reward-credit experiment

The experiment uses the reward-creditmodel in Section 5 atρ = 0, so the targetθ = E[R∅R1]
is zero. AtN = 1000 and 4000, 2,000 independent replications compare uniform acquisition
with the fixed oracle probabilities (0.25, 0.75). The same latent draws are used for the
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two rules within a replication. Unacquired bundles are masked before the estimating
routine receives the data. In each training fold, group-specificmeans and residual-product
means are estimated using acquired bundles; validation-fold signals use the known design
probability in (A31).

TABLE A3. Two-phase inference for the reward-credit example

N Acquisition rule Bound N V̂arMC(θ̂) Rejection rate

1,000 Uniform 10.0 9.96 (0.31) 0.051 (0.005)
1,000 Oracle allocation 8.0 8.32 (0.26) 0.057 (0.005)
4,000 Uniform 10.0 9.82 (0.31) 0.048 (0.005)
4,000 Oracle allocation 8.0 8.24 (0.26) 0.051 (0.005)

2,000 replications per row, nominal level 5%, five-fold fitting using acquired bundles only. Both rules acquire
half of reference units in expectation. The rule is fixed at the data-generating law’s oracle probabilities;
conditional means and signal means are estimated. Parentheses give Monte Carlo standard errors, including
the sampling uncertainty in the empirical variance. This experiment evaluates the specified two-phase design.

The table reports the analytical bound, scaled sampling variance, and rejection fre-
quency of the feasible augmented estimator. Both sets of conditional means are estimated;
the acquisition probabilities use the known variance profile of the data-generating process.
Every reference unit contributes its common state. The experiment follows the estimator
from acquisition through inference for a prescribed bundle. Pilot-based design learning
and bundle selection would require additional experiments and theory.

The replication package contains seeds, rejection counts, Monte Carlo standard errors,
numerical failure counts, and environment versions. A separate machine-readable timing
log records runtime. Every generated replication is retained. The implementation raises
an explicit error for a degenerate influence covariance or an empty training stratum.
Finite algebra checks and simulations supplement the analytical proofs; each has the
scope specified above.
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Appendix K. Additional covariance results

K.1. Independence-calibrated shortcut

COROLLARYA1 (Factorized simplification). In the sampling framework of Theorem9, suppose
the cofactual components are mutually independent and have positive variances. Then V2 is
diagonal, with the entry associated with the pair (A,B) equal to

Var(CA)Var(CB), A < B.

Consequently,

(A34) TF2,N = N ∑
A<B

Ω̂2
C,AB

Ω̂C,AAΩ̂C,BB
Ô⇒ χ2q.

Thus the factorized statistic is asymptotically the sum of squared sample cofactual correlations,
multiplied by N.

Proof. See Appendix K.4.

K.2. Descriptive covariance projection

Let
K∩ = {Kv : v ∈ RW}

be the linear space of meet-kernel matrices.

PROPOSITION A11 (Projection onto the meet-kernel space). For a symmetric matrix H =
(HS,T), define

(A35) H̄A =
1

3p−∣A∣
∑

R,Q:R∩Q=A
HR,Q.

Then the Frobenius projection of H ontoK∩ is

(A36) (Π∩H)S,T = H̄S∩T .

The spaceK∩ has dimension n = 2p and codimension

(A37)
n(n − 1)

2

in the space of symmetric n × n matrices.
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PROOF. The Frobenius objective separates across classes of ordered pairs with the same
intersection. For a fixed A, the least-squares constant for the class {(R,Q) : R∩Q = A} is its
arithmetic mean. Each element of Amust belong to both R and Q. Each element outside A
has three admissible membership patterns: in R only, in Q only, or in neither. Hence the
class contains 3p−∣A∣ ordered pairs, which gives (A35). Themap v ↦ Kv is injective because
v(A) = (Kv)A,A, so dimK∩ = n. The symmetric matrix space has dimension n(n + 1)/2,
giving (A37).

This suggests the empirical defect

(A38) D̂2 = ∥Σ̂ −Π∩Σ̂∥F ,

where Σ̂ is a paired-world covariance estimate. With n worlds, it imposes n(n − 1)/2
independent linear covariance restrictions.

The same null can be inspected directly in cofactual coordinates. Since C =MY ,

(A39) ΩC =MΣM
⊺.

Cofactual orthogonality is equivalent to diagonality ofΩC. Thus ∥offdiag(MΣ̂M⊺)∥F pro-
vides a corresponding measure of departure in cofactual coordinates. The world-space
projection in (A38) and the cofactual-space transform in (A39) have the same zero set and
place different weights on departures from it.

Projection and covariance validity. The projection above is onto a linear space. Positive
semidefiniteness is a further constraint. For p = 1, projecting H = diag(4, 1) gives

Π∩H =
⎛
⎜
⎝

4/3 4/3

4/3 1

⎞
⎟
⎠
, det(Π∩H) = −4/9.

Thus the projection is useful for equality residuals. A valid meet-covariance estimate
additionally enforcesMv ≥ 0, for example by minimizing the same squared error over the
resulting closed convex cone.

COROLLARY A2 (Consistency of the second-order diagnostic). Let Y(1), . . . ,Y(N) be i.i.d.
paired draws of the world vector with finite second moments, and let Σ̂N be the sample covariance
matrix. Then

∥Σ̂N −Π∩Σ̂N∥F
p
Ð→ ∥Σ −Π∩Σ∥F .

The limit is zero exactly under cofactual orthogonality.

PROOF. The sample covariance converges entrywise in probability to Σ. The projection
is linear and continuous. Corollary 8 identifies the zero set of the limiting norm.

A26



With finite fourthmoments, the linear restrictions underlying (A38) can also be placed
in a standardWald or GMMstatistic. The projection form is oftenmore useful for diagnosis
because it reports the residual covariance associated with each pair of policy worlds.

K.3. Proof of Theorem 9

PROOF. Write z j = C( j) − µC. The identity

Ω̂C −ΩC =
1
N

N
∑
j=1
(z jz

⊺
j −ΩC) − (C̄ − µC)(C̄ − µC)

⊺

places the mean-estimation term at order Op(N−1). Thus the sample covariance has the
asymptotic linear representation

√
N vecoff(Ω̂C −ΩC) =

1
√
N

N
∑
j=1
ψ2(C( j)) + op(1).

The multivariate central limit theorem gives

√
N(ĝ2 − g2) Ô⇒ N(0,V2).

The empirical covariance of the influence vectors converges in probability to V2. Under the
null g2 = 0, the quadratic form in (70) therefore converges to χ2q. Under a fixed alternative,

ĝ2
p
Ð→ g2 and V̂2

p
Ð→ V2, which gives (71).

K.4. Proof of Corollary A1

PROOF. Center the cofactual components. For A ≠ B,

Var(CACB) = Var(CA)Var(CB)

by independence. Cross-products associatedwith distinct unorderedpairs have covariance
zero: disjoint pairs factor into centered first moments, while pairs sharing one index
contain the centered first moment of the remaining component. Hence V2 is diagonal.
Substitution in Theorem 9 gives (A34).
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K.5. Local alternatives and normalized departures

COROLLARY A3 (Local power). Consider a sequence of paired-world laws for which

√
N g2,N → h, V2,N → V2 > 0,

the triangular-array central limit theorem underlying Theorem 9 holds, and V̂2,N
p
Ð→ V2. Then

T2,N Ô⇒ χ2q(λ), λ = h⊺V−12 h.

PROOF. The triangular-array expansion underlying Theorem 9 gives
√
Nĝ2,N Ô⇒

N(h,V2). Consistency of V̂2,N and Slutsky’s theorem turn the Wald quadratic form into
the squared norm of a normal vector with mean V−1/22 h and identity covariance. This is
χ2q(λ) with the displayed noncentrality parameter.

The scalar

(A40) δ22 = g
⊺
2V
−1
2 g2

provides a studentized population measure of second-order departure from factorization.
Equation (71) shows that T2,N/N estimates this distance under fixed alternatives. The
Frobenius defect in (A38) is easier to visualize; δ2 is easier to compare statistically across
samples.

K.6. Higher-order specification tests

The same idea extends along the cumulant hierarchy. Let κ(r)C denote the symmetric
order-r cumulant tensor of C. Write mixr(κ

(r)
C ) for a vector containing one copy of each

tensor entry whose indices include at least two distinct values. With n = 2p component
coordinates, the number of such restrictions at order r is

(A41) dr = (
n + r − 1

r
) − n.

The first term is the dimension of a symmetric order-r tensor; the second counts the n
diagonal cumulants that remain free.

PROPOSITION A12 (Finite-order specification hierarchy). Fix p and an integer Q ≥ 2.
Suppose paired draws are i.i.d., E∥Y∥2Q < ∞, and the asymptotic covariance matrix of the
empirical mixed cofactual cumulants through order Q is nonsingular. Stack

g≤Q = (mix2(κ
(2)
C )

⊺, . . . ,mixQ(κ
(Q)
C )

⊺
)
⊺

.
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Then Q-cofactual orthogonality is equivalent to g≤Q = 0. The empirical cumulant vector is
asymptotically normal, and the corresponding sandwich Wald statistic converges under the null
to a chi-squared distribution with

(A42) d≤Q =
Q
∑
r=2
[(
n + r − 1

r
) − n]

degrees of freedom.

PROOF. The equivalence follows from Proposition A5. Empirical cumulants of fixed
order are polynomials in empirical moments of order at most Q. Under the stated 2Q
moment condition, the vector of these empirical moments satisfies a multivariate central
limit theorem. The delta method gives asymptotic normality of the stacked empirical
cumulants. A consistent sandwich covariance estimate and the usual Wald argument
complete the result.

The dimensions p and Q are fixed in Proposition A12. At second order the restriction
counts for p = 2, 3, 4 are 6, 28, and 120. The nonsingularity condition is substantive:
deterministic components or polynomial relations among the observed variables can
make the influence covariance singular.

K.7. Gaussian systems

COROLLARY A4 (Gaussian meet-kernel characterization). Let Y = (YS)S∈W be a jointly
Gaussian scalar counterfactual system. The following are equivalent:

1. the system has a cofactual factorization;

2. the system has cofactual orthogonality of every order;

3. there is a set function v with Mv ≥ 0 such that

Cov(YS,YT) = v(S ∩ T)

for all S,T.

Under these conditions, v(S) = Var(YS) and Var(CA) = (Mv)A.

PROOF. For a jointly Gaussian vector, pairwise uncorrelated cofactual coordinates are
mutually independent. Corollary 8 gives the equivalence between orthogonality and meet
covariance, while Proposition 4 gives the nonnegative Möbius representation.
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K.8. A two-intervention illustration

Suppose independent Gaussian cofactual components have variances

σ2∅ = 1, σ21 = 0.4, σ22 = 0.6, σ212 = 0.2.

Then the four world variances are 1, 1.4, 1.6, and 2.2. The cross-world covariances follow
from intersections:

Cov(Y1,Y2) = 1, Cov(Y12,Y1) = 1.4, Cov(Y12,Y2) = 1.6.

The covariancematrix is encoded by four world variances. TheMöbius transform recovers
the four branch variances. Gaussianity then lifts this second-order description to the full
joint law.

Appendix L. Complementary policy summaries

L.1. Mean outcomes and invariant summaries

Hold the population law fixed and vary the regime. The resulting mean outcome vectors
describe policy geometry. Their covariance across a design over regimes uses a different
variation axis from the covariance of random components across units. Let YS ∈ L1(Ω;Rd)
and write

mS = E[YS], cA = E[CA].

DEFINITION A4 (Cofactual span and invariant subspace). Define

(A43) VC = span{cA : A ≠ ∅}

and

(A44) IC = {a ∈ R
d : a⊺mS is constant over S ∈W}.

Let ν be a probability distribution onW with full support and define

m̄ν = ∑
S
ν(S)mS

and

(A45) Bν = ∑
S
ν(S)(mS − m̄ν)(mS − m̄ν)

⊺.
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PROPOSITION A13 (Cofactual invariance geometry). For every full-support design ν,

(A46) range(Bν) = VC, ker(Bν) = IC = V⊥C,

and

(A47) rank(Bν) = dimVC.

Equivalently,

(A48) aff{mS : S ∈W} = m∅ +VC.

PROOF. Taking expectations in Proposition 1 gives

mS = c∅ + ∑
A⊆S
A≠∅

cA.

Hence every differencemS −m∅ lies in VC. Conversely, Möbius inversion expresses each
cA, A ≠ ∅, as a linear combination of the differencesmB −m∅. Thus

span{mS −m∅ : S ∈W} = VC,

which gives (A48).
Let D be the matrix whose columns are

√
ν(S)(mS − m̄ν). Then Bν = DD⊺. Full sup-

port and recentering preserve the span of world differences, so range(D) = VC. Hence
range(Bν) = range(D) = VC. The kernel is the orthogonal complement of the range
for a symmetric matrix, giving ker(Bν) = V⊥C. This is exactly IC, since a ⊥ VC means
a⊺(mS −m∅) = 0 for every S. The rank statement follows.

DEFINITION A5 (Effective cofactual dimension). The effective cofactual dimension of the
mean target is

dC = rank(Bν) = dimVC,

for any full-support ν.

Degree counts the policy switches involved in an interaction. Effective dimension
counts the directions spanned by the mean targets. They describe different features of
the same family.

L.2. Deterministic policy geometry

The two-state example illustrates the mean geometry just defined. One intervention
changes rewards, another changes transitions, and the optimal action changes across
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TABLE A4. Four policy worlds in the dynamic example

Regime Active interventions VS(0) VS(1) Optimal actions (a(0),a(1))

Baseline ∅ 11.302 13.163 (0, 0)
Subsidy {1} 12.417 14.083 (1, 0)
Reliability {2} 13.073 14.626 (1, 0)
Both {1, 2} 14.911 16.144 (1, 0)

Values are computed by enumerating all four deterministic stationary policies in each regime and checking
the Bellman inequalities. Each intervention changes a model primitive, and the low-state policy changes
after intervention.

worlds. The value vectors are deterministic; their cofactual interaction records nonaddi-
tivity of the policy-value map.

Environment. There are two states x ∈ {0, 1} and two actions a ∈ {0, 1}. An agent solves

(A49) VS(x) = max
a∈{0,1}

⎧⎪⎪
⎨
⎪⎪⎩

rS(x,a) +β∑
x′
PS(x

′
∣ x,a)VS(x′)

⎫⎪⎪
⎬
⎪⎪⎭

with β = 0.95. State 1 is the high state. Action 1 is an investment. Two policy interventions
are available.

Intervention 1 is an investment subsidy. The flow reward is

(A50) rS(x,a) = 0.3 + 0.8x + 0.1a − {1 − 0.35 1(1 ∈ S)}a.

Intervention 2 raises the probability that investment reaches or preserves the high state.
When a = 0,

PS(1 ∣ 0, 0) = 0.15, PS(1 ∣ 1, 0) = 0.75.

With investment,
PS(1 ∣ 0, 1) = 0.55 + 0.30 1(2 ∈ S),

PS(1 ∣ 1, 1) = 0.92 + 0.04 1(2 ∈ S).

The Bellman problem is solved under all four worlds.
The cofactual value vectors are

c∅ = (11.302, 13.163)⊺,

c1 = (1.114, 0.921)⊺,

c2 = (1.771, 1.463)⊺,

c12 = (0.724, 0.598)⊺.
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The joint-intervention coordinate records nonadditivity of the value map. These four
value vectors are deterministic, so their component distributions are degenerate. This
calculation concerns policy geometry; the stochastic examples above concern cross-world
dependence.

Invariant direction. Using equal weight on the four worlds gives

Bν =
⎛
⎜
⎝

1.7144 1.4162

1.4162 1.1699

⎞
⎟
⎠
.

Its eigenvalues are approximately 2.8843 and 0. Hence dC = 1: the four value vectors lie
on a line. The high-state optimal action remains zero in every regime, so its common
Bellman equation is

(A51) 0.2875VS(1) − 0.2375VS(0) = 1.1.

This equation explains the affine restriction. A normalized null vector is approximately

a = (0.6369,−0.7710)⊺,

and a⊺VS ≈ −2.9498 in each world.

11.5 12.0 12.5 13.0 13.5 14.0 14.5 15.0
VS(0)

13.5

14.0

14.5

15.0

15.5

16.0

V S
(1

)

Baseline

Subsidy

Reliability

Both
Four policy worlds in value space

FIGURE A1. Counterfactual value geometry in the dynamic example

Each point is the value vector (VS(0),VS(1)) for one policy regime in Table A4. The four points are collinear,
so the branch covariance has rank one. The orthogonal direction is invariant across the four worlds.

A33



This is a mean-level statement built entirely from counterfactual geometry. A model
with heterogeneous agents or shocks would add a distribution of VS across units. Cofactual
factorization would then impose a further structure on the cross-world heterogeneity.

L.3. Intervention variance contributions

The variance allocation uses the second-order part of the theory. Assume the system is
square integrable and has second-order cofactual orthogonality, and write

σ2A = Var(CA).

Then

(A52) Var(YS) = ∑
A⊆S

σ2A.

Define the intervention variance game relative to the factual root by

(A53) v(S) = Var(YS) −Var(Y∅) = ∑
A⊆S
A≠∅

σ2A.

PROPOSITION A14 (Cofactual variance importance). The Shapley value of intervention i in
the game (A53) is

(A54) ICi = ∑
A∋i

σ2A
∣A∣
.

Moreover,

(A55)
p
∑
i=1
ICi = Var(Y[p]) −Var(Y∅).

PROOF. The Harsanyi dividend of the set function v at coalition A ≠ ∅ is σ2A by Möbius
inversion of (A53). The Shapley value allocates each dividend equally among its members,
giving (A54). Summing over i allocates each σ2A exactly once and yields (A55).

Under pairwise orthogonality, (A54) is the Shapley allocation of intervention variance;
higher-order dependence remains unrestricted (Shapley 1953; Owen 2014; Song et al.
2016).
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